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We present a general method of deriving the effective action for conformal anomalies in any even 
dimension, which satisfies the Wess-Zumino consistency condition by construction. The method 
relies on defining the coboundary operator of the local Weyl group, g a b — > exp(2a)g a b, and giving 
a cohomological interpretation to counterterms in the effective action in dimensional regularization 
with respect to this group. Non-trivial cocycles of the Weyl group arise from local functionals that 
are Weyl invariant in and only in the physical even integer dimension d = 2k. In the physical 
00 ' dimension the non-trivial cocycles generate covariant non-local action functionals characterized by 

sensitivity to global Weyl rescalings. The non-local action so obtained is unique up to the addition 
of trivial cocycles and Weyl invariant terms, both of which are insensitive to global Weyl rescalings. 
These distinct behaviors under rigid dilations can be used to distinguish between infrared relevant 
and irrelevant operators in a generally covariant manner. Variation of the d = 4 non-local effective 
action yields two new conserved geometric stress tensors with local traces equal to the square of 
the Weyl tensor and the Gauss-Bonnet-Euler density respectively. The second of these conserved 
tensors becomes ( 3 'H a b in conformally flat spaces, exposing the previously unsuspected origin of 
■ this tensor. The method may be extended to any even dimension by making use of the general 

construction of conformal invariants given by Fefferman and Graham. As a corollary, conformal 
field theory behavior of correlators at the asymptotic infinity of either anti-de Sitter or de Sitter 
^ ^ spacetimes follows, i.e. AdSd+i or deSd+i/CFTd correspondence. The same construction naturally 

selects all infrared relevant terms (and only those terms) in the low energy effective action of gravity 
in any even integer dimension. The infrared relevant terms arising from the known anomalies in 
d — 4 imply that the classical Einstein theory is modified at large distances. 
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I. INTRODUCTION 



The existence of conformal or trace anomalies in quantum field theories has been known for several decades 



Nevertheless, their full mathematical structure as well as their physical implications have remained a subject of 
discussion ||. Accordingly, our purpose in this paper will be twofold. First, we wish to clarify the mathematical 
structure of conformal anomalies as non-trivial cocycles of the cohomology of the Weyl group, by defining the Weyl 
coboundary operator acting on functionals of the spacetime metric, and its corresponding cochain. This definition of 
the cohomology of the Weyl group will enable us to show that the trace anomaly terms are in one-to-one correspondence 
to local counterterms in the dimensionally regulated effective action in d dimensions, which become Weyl invariant in 
and only in the physical even dimension d — 2k. The limit, d — > 2k gives rise to a well defined non-local action for each 
non-trivial cocycle in the physical dimension, which is unique up to Weyl invariant and cohomologically trivial terms. 
In addition to supplying a well-defined and efficient algorithm for calculating the effective action of trace anomalies 
in any even dimension (provided that the local Weyl invariants in that dimension are known) , the use of dimensional 
regularization will serve our second purpose, which is to expose the physical implications of the resulting anomalous 
effective action. In fact, exactly the same property of the effective action that identifies it as a non-trivial cocycle of 
the Weyl group, its multi-valuedness, also implies that it is sensitive to global Weyl rescalings, and therefore infrared 
relevant in the Wilson renormalization group sense. That is, the elements of the non-trivial cohomology of the Weyl 
group necessarily give rise to terms in the low energy effective action of gravity which do not decouple in limit of 
low energies or large spacetime volumes. Specializing to d = 4 spacetime dimensions, this means that the known 
trace anomalies necessarily imply modifications of classical general relativity in the effective low energy, long distance 
theory of gravity. 
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The relationship of anomalies to conformal invariants in even integer spacetime dimensions allows for a broader 
connection between pure mathematics and the physics of the renormalization group and low energy effective actions, 
implicit in the recent literature on AdS/CFT correspondence 0], Fefferman and Graham (hereafter referred to as 
FG) provided an algorithm for constructing conformal invariants in d dimensions by embedding the physical space 
of interest in a d + 2 dimensional Ricci flat ambient space, in such as way that coordinate invariant scalars in the 
embedding space (which are easy to construct) give rise to conformal Weyl invariants (which are generally more 
difficult to find) in the physical space . The construction makes use of the conformal properties of the light cone in 
the d + 2 dimensional ambient space and the foliation of this space by d + 1 dimensional surfaces of asymptotically 
constant Ricci curvature which approach this light cone in a specific coordinatization. The FG algorithm is exactly 
what is needed to generate local conformal invariants and hence non-trivial cocycles of the Weyl group in any even 
dimension in accordance with our general dimensional regularization method. 

Furthermore, because the physical space of interest lies at a conformal boundary of the d + 1 dimensional bulk or 
embedding space, conformal transformations of the boundary form a special class of coordinate transformations in 
the bulk space of asymptotically constant curvature. The geometric radial coordinate of the bulk space geometry p 
corresponds to the length scale of the finite size rescalings in the effective theory on the boundary in a precise way. 
The set of local diffeomorphism invariants in the bulk action which diverge as the conformal boundary is approached 
generate exactly the infrared relevant operators of the Wilson effective action on the boundary, local or not, and 
a shift in the p coordinate of the bulk geometry is precisely a finite size scale transformation in the d dimensional 
boundary theory. The infrared divergent terms as p — ► may also be regularized by dimensional continuation. Thus 
the FG embedding together with dimensional regularization provide just the mathematical tools necessary to define 
the infrared relevant operators of the Wilson effective action in a theory with general coordinate invariance in a precise 
way. 

A by-product of this study of conformal infinity in the FG coordinates is the conclusion that the structure of 
conformal field theories in the AdS / CFT correspondence is actually representative of a more general feature of the 
FG embedding, which requires neither AdS (since it works equally well for asymptotically de Sitter spaces), nor a 
supersymmetric CFT on the conformal boundary. The conformal behavior at infinity (as opposed to specific values 
of coefficients in the effective action or correlation functions) and the generation of infrared relevant terms in the 
effective gravitational theory asymptotically as p — *■ is a purely kinematic property of the FG embedding of physical 
spacetime in a space of one higher dimension with constant positive or negative scalar curvature. Hence, there is 
a deS/CFT correspondence as well as an AdS/CFT correspondence, although the former has no evident connection 
with string theory backgrounds, as in the AdS/CFT case |],||]. 

Before presenting the general method and exploring these relationships in detail, let us review some well known 
features of conformal anomalies and previous treatments of their cohomology. The standard route to exhibiting the 
algebraic structure of the trace anomaly is to treat the parameters of infinitesimal local conformal transformations 
as anti-commuting Grassmann variables p|JlO|] . This guarantees nilpotence of the generator of the infinitesimal Weyl 
transformations, and distinguishes trivial from non-trivial cocycles in a clear manner. However, an important aspect of 
the anomaly is left unexplored in this abstract algebraic approach. Non-trivial cohomology implies that although the 
conformal anomaly itself is local, it cannot be written as the Weyl variation of some local coordinate invariant action. 
Instead the action whose Weyl variation is the local anomaly must itself be non-local in any even integer dimension. 
The Wess-Zumino (WZ) consistency condition is just the integrability condition that this coordinate invariant non- 
local action exists ■ Consistency is automatically satisfied in the algebraic approach by the nilpotence of two 
successive anti-commuting Weyl transformations, but the algebraic method furnishes no means of constructing the WZ 
consistent effective actions associated with the non-trivial cocycles, and sheds little light on their physical meaning. 

A complementary approach to conformal anomalies is to construct the WZ effective action directly by 'integrating 
the trace anomaly' with respect to the local conformal factor variation 8a{x). In two dimensions this procedure 
is almost immediate and can be performed by inspection p3| , while in four and higher even integer dimensions it 
requires adding a admixture of the trivial cocycles (i.e. those terms which can be written as the Weyl variation of a 
local coordinate invariant action) in order to bring the anomaly into a form linear in u{x), which can be integrated 
easily . Although this approach certainly produces an action satisfying WZ consistency [JL2| , it leaves the deeper 
cohomological aspects of conformal anomalies unexamined. Moreover, since it produces a WZ action that involves an 
rf th order differential operator on a in d = 2k even dimensions, it seems to imply strong ultraviolet (UV) behavior, 
and raises concerns about ghosts similar to local higher derivative theories of gravity in dimensions greater than two. 
Conversely and perhaps paradoxically, the non-local form of the WZ action obtained in this approach seems to imply 
more severe IR behavior than expected with unphysical p~ 4 poles in anomalous Ward identities jig] . Yet the anomaly 
is the effect of integrating out massless fields in all the standard one-loop calculations and the fully covariant non-local 
form of the WZ anomalous action should be associated with long distance or low energy physics, in which there can 
be neither unphysical UV ghosts nor higher order IR poles. Hence this approach raises a number of questions which 
should be resolved before it can be deemed completely satisfactory. 
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In this paper we present a general, unified treatment of conformal anomalies in any even dimension by using the 
same method both to define the non-trivial cohomology of the Weyl group and to derive the local WZ effective action, 
as well as its fully covariant non-local form. The key observation which will make this possible is that the non-trivial 
cocycles of the Weyl cohomology in any even integer dimensions are in one-to-one correspondence with those local 
counterterms in the dimensionally regulated effective action which become Weyl invariant in and only in exactly the 
physical dimension d = 2k. 

The technical reason for this one-to-one correspondence is that such local invariants have Weyl variations which are 
proportional to d— 2k near the physical dimension and hence cancel the (d— 2fc) _1 pole of dimensional regularization, 
yielding a finite action Twz for d = 2k, which is local in terms of a, and which automatically satisfies the WZ 
consistency condition. This becomes clear when a is eliminated from the action by solving for the unique conformal 
factor that Weyl translates between two different metrics g a \, and g a \, = e 2a g a i, in the same conformal equivalency 
class. Then the local WZ action becomes the difference of two fully covariant but non-local actions, 

Fwz[g; cr] = Sanom[ge 2cr ] - S anom [g] • (1.1) 

This difference may be viewed as a finite Weyl coboundary operation, A a o S anom [g], which produces a one- form from 
a scalar functional S (l6| . The anti-symmetrized coboundary operator on &;-forms may be defined by a straightforward 
generalization from standard Riemannian geometry, and the nilpotency condition of A CT on the cochain easily checked 
(c/. Sec. 2). Hence the WZ consistency of Twz follows immediately. Its cohomology is nevertheless non-trivial since 
S an om[g] is a non-local functional of g a b when written entirely in the physical dimension d = 2k, and r^y^[g; a] is not a 
single- valued functional of the original metric, g a ^. This multi-valuedness of the configuration space of metrics is due to 
the exclusion of the singular metrics g a b = and its inverse, g ab = 0, corresponding to vanishing or diverging conformal 
factor Q — e a . These singular metrics correspond to punctures that allow the topological Euler number of the manifold 
to change. Because of this topological obstruction in the configuration space of smooth metrics, Twz[{j'iO~] is not 
invariant under the shift o~(x) — > o~(x) + iirq, corresponding to integer q winding around the obstruction, and for the 
same reason Twz[g] cr] is necessarily non-invariant under the constant global scale transformation, cr(x) — > o~(x) + o~o- 
It is this sensitivity to finite volume scaling of the effective WZ action which reveals its physical interpretation in 
terms of standard Wilson renormalization group principles \ \n\ . 

The use of dimensional regularization to define the cohomology of the Weyl group has a number of advantages. 
From a purely mathematical point of view, it reduces the general classification of the non-trivial cocycles, usually 
associated with quantum anomalies, to the construction of conformal invariants, a problem of classical differential 
geometry that has been (nearly) rigorously solved in any even dimension by Fefferman and Graham Since the 
non-trivial cocycles and the corresponding non-local effective action S an0 m are unique up to addition of trivial cocycles 
and completely Weyl invariant terms, the explicit construction of the WZ effective action eliminates doubts about 
the correctness of the procedure of integrating the anomaly. As a consequence, in d — 4 we can conclude definitively 
there are no non-local terms in the effective action, of the form C a bcd log(— □)C abcd , generated by the anomaly, as has 
long been conjectured P Jl5|Jl^| . Moreover, dimensional regularization is the natural way to regularize the solutions of 
the Einstein equations on embedding spaces of asymptotically constant curvature, as required by the FG algorithm 
for constructing conformal invariants. Hence continuation in the number of dimensions removes the 'FG ambiguity,' 
regulates the infrared divergences at large volumes in the FG construction, and also illuminates why the trace anomaly 
of conformal field theories is given by the AdS/CFT correspondence conjecture HJjlJ. 

From a more physical point of view, dimensional regularization is closely connected to renormalization and the 
renormalization group (RG) flow of a quantum theory, and allows a treatment of UV and IR renormalization effects 
in a unified way. It is well known in statistical physics and renormalization theory that UV behavior is enhanced by 
increasing the number of spacetime dimensions in loop integrations while conversely, the IR behavior is enhanced by 
decreasing d in a given graph. Since d is not required a priori to be greater than or less than the physical dimension 
2k in the dimensional regularization procedure, the limit d — > 2k of counterterms in the quantum effective action 
can (and does) contain both UV and IR logarithmic effects in the physical dimension, treated on an equal footing. 
In the quantum effective action poles replace the UV cutoff and IR effects appear as finite terms, with no singular 
behavior as d approaches the physical dimension. Conversely, from the Wilson infrared effective action point of view, 
the UV cutoff is fixed and terms in the effective action are classified according to their behavior under rigid scale 
transformations with a sliding IR cutoff, which we may take to be the total <i-volume of the system. Dimensional 
continuation may be used again, this time to regulate the IR behavior, preserving generally coordinate invariance as 
the volume is taken to infinity. In this case, poles signal large volume divergences or IR relevant operators in the 
Wilson RG approach, while terms which remain finite as the volume goes to infinity are IR irrelevant and contain no 
poles at the physical dimension. 

These considerations and the non-single valuedness of Twz under global scale transformations imply that the non- 
trivial Weyl cocycles are best understood as infrared marginally relevant operators of the Wilson effective action of 
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low energy gravity under the RG, which control the critical exponents and scaling behavior of the theory near its IR 
conformal fixed point (s). These fixed point (s) are Gaussian because of the quadratic form of Twz, provided that the 
coefficients of the trivial cocycles {i.e. the UV relevant counterterms) flow to zero in the extreme infrared pfj| , pl| . 

This physical RG interpretation of conformal anomalies is considerably more general than existing anomaly calcu- 
lations in classically conformally invariant free field theories, and implies that the appearance of S an om hi the effective 
action of low energy gravity with some coefficient is quite generic within the standard framework of low energy effec- 
tive field theories. The RG scaling interpretation is completely consistent with the scaling behavior of d = 2 CFT's 
coupled to gravity both in the continuum and in lattice simulations, where the KPZ critical exponents are determined 
by the Polyakov action (2^j2^| . In d — 4 it is consistent with the IR stability of the Gaussian fixed point (20) , with the 
recent consideration of the scaling behavior of the effective action of a massless, but not conformally coupled scalar 
field in de Sitter space [ p4j , and with the fact there are no higher order poles or unphysical propagating ghost states 
in the d — 4 effective quantum theory determined by Vwz p5| ■ 

A final bonus of the complete classification of the Weyl cohomology by dimensional regularization in any even 
dimension is that it automatically yields the conserved energy-momentum tensor corresponding to the non-local 
action S a nom[g]. Although these tensors are a lso non-local in general, in four dimensions one of them becomes the 



local geometric tensor ^H a i,, defined by (5.11) in d = 4 conformally flat spacetimes, which had been found some time 
ago Pq] . Thus the existence of the covariant non-local action functional S an om turns out to be the underlying reason 
for the existence of this local tensor, which has been called 'accidentally conserved' m. Its non-local generalization 



to non-conformally flat spacetimes agrees with the direct calculation from T\yz given in ref. |25|, and its trace is 
proportional to the Gauss-Bonnet-Euler density in d = 4. 

The paper is organized as follows. In the next section we define the anti-symmetric coboundary operator of 
finite Weyl shifts, generalizing the ideas of differential forms and de Rham cohomology to the functional space of 
metrics, without the use of infinitesimal anticommuting Grassmann numbers. In Section 3 we illustrate our general 
technique for constructing T\yz in g? = 2 dimensions, recovering both the Polyakov action and the energy-momentum 
tensor corresponding to it. In Section 4 we follow the same procedure in d — 4 dimensions, deriving the form 
of Twz previously found by integrating the anomaly, as well as its fully covariant non-local form, Sanom- The 
conserved geometrical stress tensors corresponding to this action are derived in Section 5, where the connection to 
the tensor ^H ao is also demonstrated. Section 6 contains a brief mathematical interlude, recapitulating the FG 
embedding in spaces of asymptotically constant curvature, the conformal infinity of both AdS and de Sitter space 
in suitable coordinates, and the subset of diffeomorphisms in the bulk or embedding space which become local Weyl 
transformations on the conformal boundary. In Section 7 the FG construction is applied to finite volume scale 
transformations, which serves to select exactly the infrared relevant operators of the effective Wilson gravitational 
boundary action. Section 8 summarizes our conclusions and contains the main results of the paper in a concise form. 

Wherever feasible detailed formulae used in the main text are relegated to the three Appendices. The first catalogs 
the conformal variations of various tensors needed in the text, the second contains a proof of an interesting identity 
of the Weyl tensor in four dimensions, and the third is a computation of the new non-local tensor C ao that appears 
in the variation of the d — 4 effective action in the general case. 

II. COHOMOLOGY OF THE WEYL GROUP AND DIMENSIONAL REGULARIZATION 

We consider the abelian Weyl group of local conformal transformations on the metric, 

9ab{x) -> g ab {x) = e 2 ^ g ab (x) , (2.1) 
where o~(x) is any smooth function of the coo rdinates. Let S[g] denote any scalar functional (local or not) of the 



metric g a b- The action of the Weyl group (2.1) suggests that a finite difference or coboundary operator A CT on scalar 
functionals S [g] be defined by 

A CT o S[g] = (AS), = S[e 2 °g] - S[g] . (2.2) 



By definition, functionals Si nv which are invariant under the Weyl transformation (2.1) satisfy A a o Si nv = 0. 

In general, A CT o5^0, and this quantity depends on both the initial or fiducial metric, g a b(x) and the finite Weyl 
shift a(x). It may be regarded as a one- form, r^^er] with respect to the finite shift Weyl group jlfj]. This is a 
natural generalization of the concept of a one-form from the differential geometry of finite dimensional Ricmannian 
manifolds to the present case of the infinite dimensional functional space of metrics. The definition of the coboundary 
operator above acting on scalar functionals can be generalized to A CT)c+1 acting on fc-forms T^[g; a±, . . . , ur] by 
the anti-symmetrized chain rule, 
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fc+1 



A CTfc+1 o r« [g; a x , . . . , a k ] = ^(-)* +1 (Ar«) ai [.95 tr 1} ..., a^i, a i+1 , a k+1 ] , 



(2.3) 



where 



(Ar (fc) ) CT Jg;cri, . . . , Oi_i, a i+1 , . . -,(r k+ i] 



T (fe) [ge 2 "'; 01, . . . , o;_i, a i+1 , .... , 



-r (k) [9;<n, 



, cr»— l j Cj+lj 



(2.4) 



is the Weyl finite difference operator on the functional, [g; ax, . . . , Oi_i, <Xj+i, . . . , cr^+i] with cr^ omitted, treated 
as a scalar fun ctional of the metric g with all the other a dependences unaffected. This anti-symmetrizcd coboundary 
operation (2.3) produces a (k + l)-form from a fc-form, which is totally anti-symmetric under interchange of any two 
of its arguments, cr, and o~j, and defines a finite derivation operation in the space of metrics with th e sam e algebraic 
properties as the exterior derivative in Riemannian geometry. If the Weyl transformation by a, ( |2.l| ) is replaced 
by an infinitesimal anticommuting Grassmann variable, then the definition ( |2.3| ) becomes equivalent to the standard 
definition p,^0| . The anti-commuting Grassmann variables are simply a device to keep track of anti-symmetrization, 
and are not essential, pr ovid ed the coboundary operat or A a is defined in an explicitly anti-symmet ric m anner for a 
finite a Weyl shift, as in ( |2.3| ). The previous definition (2.2) is a special case of the general definition (2.3) with k = 0, 
or in other words, zero- forms r(°)[<7] are just coordinate invariant scalar functionals of the metric. The Einstein- 
Hilbcrt action of classical general relativity or the general coordinate invariant effective action of a quantum field 
theory S e f / [g] in a general curved background metric g are examples of such coordinate invariant scalar functionals 
of the metric. 



The definition of the cochain (2.2) allows us to give a precise meaning to the cohomology and WZ consistency for 
the Weyl group. Applying the general definition for k = 1, the operation of the coboundary operator A a on one-forms 
produces the two-form, 



r« [g; a u a 2 ] = A„ 2 o T« [g; a,} = (Ar^)^ [g; a 2 ] - (Ar«) CT2 [g; a,} 

= T« [ge 2 ^ ■ a 2 ] ~ T« [g; a 2 ] - [ge 2 ^ ; a,} + [g; a,} 



(2.5) 



If rW[5;cri] is the one-form Q 
algebraic identity, 



if we apply (|2.5|) to the case, rW^eri] = A (7l o S[g], then we obtain the 



(A CT2 oA CT1 ; 



S[g} = A r72 o(A ai oS[g})=0. 



(2.6) 



This nilpotency property of A a is easily seen to be generally true on any k— form, owing to the anti-symmetry of the 
general definition (2.3). That is, quite generally we have the nilpotency property, 



(A 2 ) c 



A^ o A (j 2 



0. 



(2.7) 



an essential property of a coboundary operator, which justifies the use of this term from ordinary differential geometry. 
To define the cohomology, let us call any one-form [g; a{\ which satisfies 



A CT2 or (1) [3;cri] =0 closed 
and any one-form I^ 1 ) [g; a±] that can be written, 

r^[g;a 1 ]=A ai oS loca i[9] 



exact, 



(2.8) 
(2.9) 



if Si oca i[g] is some local, single-valued scal ar fu nctional of the metric. Eq. (2.6) shows that all exact one-forms are 
closed, because of the nilpotency property (2/7) of the coboundary shift operator A CT . This is the trivial cohomology 
of the Weyl group. However, all closed forms are not necessarily exact, and the non-trivial cohomology of the Weyl 
group is defined precisely as the set of these closed b ut n on-exact one-forms. That is, elements of the non-trivial 
cohomology of the Weyl group are one-form s ob eying ( |2.8| ) that cannot be written as Weyl transforms of any local, 
single- valued functional of the metric, as in (2.9). 

The insistence on local single- valued functionals of the metric, Si oca i[g] for the exactness property (2.E) is essential. 
The underlying reason is that the measure of integration over the space of metrics is single- valued and local, so that any 
Siocai[g] can be absorbed into the definition of the functional measure, whereas non-local functionals in the effective 
action cannot be so absorbed, and constitute the genuine anomalies. The Weyl group involves the exponential map 
( |2.ip , which is certainly single-valued and local. However, the inverse of the exponential map is a logarithm, which is 
not single- valued, and as we shall see, non-locality results from solving for a in terms of the original metric g a b and its 
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Weyl translate g a b, which involves inverting a differential operator, a non-local operation. Hence, arbitrary functionals 
[<7; <ti] of g and a separately (even if restricted to purely local ones) need not be single-valued, local functions 
of the full Weyl transformed metric g — e 2a g. These are the closed but non-exact functionals which determine the 
non-trivial cohomology of the Weyl group, and for which we seek an algorithm to compute explicitly. 

As the non-exactness of one-forms defines the non -trivial cohomology of the Weyl group and corresponds to genuine 
conformal anomalies, the condition of closure ( [2.8|) corresponds precisely to the WZ consistency condition on the 
anomalous effective action. Indeed let rvyz[ff;tx] be the one- form effective action whose variation generates the Weyl 
anomaly A in the full (Weyl-transformed) metric g a b = gabe 2a , i.e. 

■^T W z[g;<j} =A[ge 2a ]. (2.10) 

Then the statement that Twz[g]&] is closed, 

A CT2 o T wz \g;cn] = T wz [ge 2ai ;a 2 ] - T wz [g;<J 2 ] - T wz [ge 2 ' 72 ;a 1 } + T wz \g\<Ti] 

= 0, (2.11) 



is precisely the statement that T^/zlg] ] satisfies the WZ consistent anomaly condition |ll| , |l2| . It is the finite shift 
generalization of the infinitesimal form of WZ integrability condition for the abelian Weyl group, i.e. 

PS S ' S (2.12) 



Although this is guaranteed algebraically by the use of ant i-com muting infinitesimal Weyl parameters, it is important 
to recognize that the physical content of the condition ( 2.12| ) is that some scalar effective action functional S[g] 



must exist, whose first variation is the anomaly, and whose second variation is necessarily hermitian with respect to 



interchange of the order of successive infinitesimal Weyl variations 11 12J] . 

With these preliminaries we come now to the essential observation which will enable us to give a general technique 
for constructing the WZ consistent anomalous effective actions in any even d = 2k spacetime dimension, by using 
well-known properties of dimensional regularization. In dimensional regularization we are instructed to write down 
all the local curvature invariants in d dimensions near the physical d — 2k dimension, multiplied by simple poles in 
d — 2k, as allowed counterterms for the effective gravitational action of a quantum theory. These local d dimensional 
counterterms are not Weyl invariant in general. If they are not Weyl invariant then their Weyl derivation by A CT 
will still contain a pole at d = 2k, indicating sensitivity to the UV cutoff procedure and they will generate one-forms 
that are both closed and exact, i.e. elements of the trivial cohomology of the Weyl group. Genuine anomalies are 
clearly not in this class, since if they could be changed or removed by adjustment of the UV counterterms then they 
would in no way be 'anomalous.' However, at the physical dimension it may happen that some combination(s) of the 
local curvature invariants become Weyl invariant. This means that the Weyl derivation by A CT of the d dimensional 
counterterm Sd[g] must contain at least one factor of d — 2k, so that the finite limit, 

r[ S ; a] = hm ^\SM = A oSM 
Ly 1 d^2k d-2k d^2k d-2k x ' 

exists in the physical dimensio n d = 2k. Whenever this limit exists the resulting functional automatically satisfies 
the WZ consistency condition ( [2.11 ), since it is constructed explicitly as an exact one- form of the Weyl group in d 



dimen sions, and the nilpotency property Q2.7|) is purely algebraic, independent of d, commuting with the limit in 



(2.13). However, as we shall see, after the indicated limit has been taken, the effective action r[g;er] can no longer 



be written as the We yl va riation of a local action in the physical dimension, and hence each non-zero counterterm Sa 



for which the limit (2.13) exists will generate an element of the WZ consistent non-trivial cohomology of the Weyl 



group in precisely d — 2k dimensions. Conversel y, sin ce the anomaly A, is generated by taking the infinitesimal 



Weyl variation of the effective action r[<7;cr] via ( 2.10 ), and it is composed of local dimension 2k scalar invariants 
with finite coefficients, by taking the full set of these invariants near the physical dimension and finding all conformal 
invariant combinations, all non-trivial cocycles of the Weyl group must be generated in dimensional regularization by 
counterterms in the effective action whose UV pole singularity at the physical dimension is cancelled by a d— 2k factor 
in the numerator. Only in this way can a local anomaly in the trace of the renormalized energy-momentum tensor 
with a finite UV cutoff independent coefficient be generated. Hence dimensional regularization naturally classifies the 
dimension 2k scalar invariants into those corresponding to non-trivial and trivial first cocycles of the Weyl group, 
depending on whether their Weyl variations do or do not vanish linearly as d — > 2k. There do not appear to be 
invariants which vanish faster than linearly as d — > 2k, which would correspond to higher non-trivial cohomological 
structures in the space of metrics. 
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These general observations reduce the problem of finding all the non-trivial elements of the cohomology of the Weyl 
group in 2k even dimensions to finding all the local Weyl invariants in that dimension. This latter problem of classical 
differential geometry has been solved by the construction of Fefferman and Graham which we review in Section 6. 
Since the counterterms in dimensional regularization are integrals over local invariants, we must allow also for the 
possibility of non-trivial cocycles arising from local densities that are Weyl invariant only up to total derivatives. Such 
counterterms correspond to topological invariants, of which there is exactly one, the Gauss-Bonnet-Euler invariant 
E2k in any even dimension p7| . This one topological invariant gives rise to the type A anomalies while the FG local 
Weyl invariants give rise to the type B anomalies [Q. Both have Weyl variations that vanish linearly as d — > 2k and 
hence the continuation of each of these two kinds of invariants awa y from d = 2k determines a finite WZ action T[g; a] 
independent of the UV regulator pole for which the limit in ( 2.13Q exists. 

In this way the explicit construction of the non-trivial cohomology of the Weyl group can be carried out, determining 
the general form of the conformal anomaly and the non-local WZ consistent effective action corresponding to it in any 
even dimension. In the following two sections we show that for d — 2 and d — 4 dimensions this construction generates 
precisely the Polyakov action and the four dimensional anomalous action analogous to it discussed in previous work 
M , [14|j20| . Generalizations to higher even dimensions are also straightforward. Odd dimensional spacetimes have no 
conformal anomalies and must be treated differently, e.g. as boundaries of spacetimes of one higher dimension. 



III. WZ ACTION AND ENERGY-MOMENTUM IN TWO DIMENSIONS 



Let us illustrate our general approach first in d = 2 dimensions. The unique dimension-two local scalar function of 
the metric is the Ricci scalar, and hence its spacetime integral is the only possible counterterm near d = 2 dimensions. 
Thus we consider 



r^ff] = lim 



~~gR-f d d . 



d-2 



(3.1) 



where R = R[g] is the Ricci scalar in d dimensions evaluated on the d-dimensional metric g a b = e 9ab, and R = R[g], 
evaluated on the d-dimensional fiducial metric g a b- Now in d dimensions, 



r=gR= ^ e {d - 2),y \R-2{d- 1)0- (d- l){d-2)a a a a ] 



(3.2) 



where all covariant derivatives and contractions are performed with the metric g a b and we have introduced the 
shorthand notations, V a cr = a a , Per = V a V = a a a . Expanding (3.2) to first order in d— 2, subtracting \J—g R and 
taking the limit indicated in (3.1), we obtain 



r[s;cr] 



d z x- 



-a □ a + aR\ , 



(3.3) 



after an integration by parts and ignoring total derivatives which give possible surface contributions. Up to a mul- 
tiplicative normalization this is exactly the Polyakov action found by functionally integrating with respect to a the 
form of the trace anomaly for the metric g a b 

ST[g;a] 



g a be directly in d — 2 dimensions p3[, i.e. 



5a 



-g(R-2na) = V=gR. 



When the conformal property of the self-adjoint hermitian differential operator, □ in two dimensions, 

y/=gn=vun, (d = 2) 



(3.4) 



(3.5) 



is used, together with (3.2) for d — 2, it is easily checked that the effective actio n r[g;cr] in (3.3) obeys the WZ 
consistency condition ( 2.11 ). Indeed, this is automatic from its construction (|3.l|) as an exact one-form in d =/= 2 
dimensions, follow ed b y a limiting process which commutes with the algebraic nilpotency property of A CT . 

However, since (3^) is a simple polynomial in a it cannot be written as a single- valued local functional of the full 
metric ge 2a . This is clear from the fact that the complex transformation, 



for any integer q leaves the full metric g 



a — * cr + iixq 
ge 2a invariant but under this transformation, 



(3.6) 
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r[ff;cr] -> T[g;a] +iqir / d 



-g R= T[g;a] + 4Tr 2 iqx I 



(3.7) 



where x E ^ s ^ ne Euler number of the metric g. Hence the action r[<?;er] is not a single- valued local functional of 
g = ge 2a , but rather an explicit representation of the non-trivial cohomology of the Weyl group in d = 2 physical 
dimensions. Evidently, the expansion of the exponential conformal a dependence of (|3.2| ) required by the limit (3.1) 
is responsible for Y being a simple polynomial in a without the periodicity under ( |3.6| ), and this is associated in turn 
with the fact that the integral of the Ricci scalar is invariant under the Weyl group only in exactly two dimensions. 
Since the integral of R is proportional to the Euler number in two dimensions, the existence of a single element of the 
non-trivial cohomology and a single anomaly coefficient is a consequence of the existence of one and only one (type 
A) topological invariant. There are no (type B) local Weyl invariants in two dimensions. 

Notice also that if instead of q being an integer we take inq to be a real constant cxq, then the transformation (|3.6| ) 
is a global rescaling of the metric, 



gab 



Jabe 



(3.8) 



Then (3.7) informs us that the multi-valuedness of the action r[g;cr] necessarily implies that it transforms non- 
trivially under such a global rescaling. Hence, non-trivial behavior under global rescaling is a necessary feature of a 
representative of the non-trivial cohomology of the Weyl group. 

Associated with the one-form T, which is local in a, obeying WZ consistency th ere i s a non-local zero form, i.e. 
a non-local quantum effective action of the full metric g = ge 2a . Since the action (3J3) is quadratic in a this non- 
local actio n is easily constructed by adding to T a a independent piece which 'completes the square' and leaves the 
variation (3.4) and the WZ condition unaffected. To find this a independent term explicitly, we need only solve the 
linear differential equ atio n (3.4) for a by introducing the Green's function inverse of the second order Weyl covariant 
differential operator (3.5), namely 



(3.9) 

1 . If the metric has a Lorentzian signature 



- \J~ r g~ □ D 2 (x, x 1 ) = S 2 (x, x) , 

where 5 2 {x, x') is a density of weight two, i.e. its integral J d 2 x' 5 2 {x, x') - 
then the boundary conditions needed to specify the particular Green's function solution of (3.9) will depend on the 
application. If □ has normalizable zero modes, such as on the Euclidean two sphere S 2 , then D2(x, x') will ha ve to 
be defined by the inverse of □ on the orthogonal complement to its kernel, th e S 2 function on the right side of (3.G) 
being appropriately modified. Using the Green's function, D 2 we obtain from (3.4), 



<x) = - 



d 2 x' D 2 (x,x') (a 



(3.10) 



This is a formal solution of the Poincare uniformiza tion p roblem in two dimensions, since the metric g a b may be chosen 
as that of constant scalar curvature i?, and then ( 3.1 0| ) specifies the conformal factor needed to bring an arbitrary 
metric g a b (with the same fixed Euler number as g a b) to the metric with uniform scalar curvature [f28f . 

Substituting the solution for a ( |3.10| ) into ( |3.3| ) and using the fact that D2(x 1 x') — D2(x,x') is Weyl invariant 
(owing to the Weyl invariance of yj— g □ ) gives 



d 2 x'y/^g 1 R(x) Z?2 {x, x') R(x ') — — 



-g'R(x) D 2 (x,x')R(x') . 

(3.11) 



This difference form shows again that r[g;cr] is the Weyl variation A a of a scalar action functional (although now 
non-local) in the physical dimension d — 2, which accounts for it automatically satisfying the WZ condition. Clearly, 
the multi-valuedness of this functional (|3.7|) is related to its non-locality by the fact that it depends on a directly 
(rather than e 2cr ) and eliminating a by ( |3.10| ) introduces the non-local Green's function D2(x,x'). This example 
illustrates how the non-trivial cohomology of the Weyl group is associated w ith non-local action functionals in the 
physical dimension, despite the fact that we began with a local functional in ( |3.l[ ) defined in d dimensions. 

The last term in ( p. 11 ) is precisely the a independent term required to bring T into the fully covariant but non-local 
form. Defining Twz by multiplying T by the correct normalization factor of — Q 2 /At: = c/247r, corresponding to the 
standard two-dimensional trace anomaly coefficient c m = N s + Nf for N s (Nf) free massless scalar (fermion) matter 
fields, we obtain 



^Wz\g\ Cr] — Act O Sanom[g] = S a nom[g\ ~ Sanom[g] 



(3.12) 
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with 



-g'R(x) D 2 (x,x')R(x') 



(3.13) 



which is the fully covariant non-local form of the Polyakov action in two dimensions ]13j. The total central charge 
is c = c m — 26 + 1 when the effects of ghosts and the a field itself are included in the trace anomaly coefficient and 



Q 2 = (25 



0/6. 



In this way the non-local WZ consistent effective action (3.13) corresponding to the trace anomaly in two dimensional 
spacetime can be constructed from the counterterm in dimensional regularization near d = 2 dimensions. Since 
= At^Xe is the unique integral Weyl invariant in two dimensions, there arc no local UV countcrterms 



of dimension two which can be added to the effective action and ( |3.13 ) cannot be removed or altered by any UV 
counterterm. On the contrary, the anomaly calculation shows that its coefficient is determined by the number of 
massless excitations in the far infrared, which is a genuine feature of the low energy theory of 2D gravity, independent 
of any UV regulator. This physic al me aning of the non-trivial cohomology of the Weyl group in two dimensions through 
the non-local IR effective action ( 3.13 ) and its properties under global rescalings has been verified by simplicial lattice 
simulations ]2^ , |29] |. 

Corresponding to the covariant non-local effective action (|3.13| ) there is a conserved energy-momentum tensor. The 
most rapid route to deriving this tensor is to vary the local form of the WZ action with respect to the background 
metric g. In this way we obtain 



rpWZ 

1 ab 



2 ST wz [g;a] Q 2 



5g 



a b 



4tt 



[2a - ab — 2g ab □ a — 2a a <r b + g ab a c er c ] 



(3.14) 



where the shorthand notation a- ab = VbV a er = V Q V(,cr has been employed. 

It is easily checked that the same result is obtained from varying the d-dimensional local counterterm in ( |3.1[ ) . This 
variation is proportional to the difference of Einstein tensors: G ab — G ab which vanishes identically at d = 2. However, 
in d ^ 2 dimensions, 



Gab — G ab + (d — 2) 



-CT-ab + gab □ O + O a&b 



d-3 



gab O c O 



(3.15) 



Ins erting this into the variation of (3.1), taking account of the facto r of —2 in the definition of the stress tensor 
in (3.14) and taking the limit to the physical dimension d = 2 gives (3.14) again. This calculation shows that the 
conserved stress tensor of the Polyakov action is related in fact to the conformal variation of the Einstein tensor away 
from d = 2 dimensions, a result that was anticipated in earlier considerations of the renormalized stress tensor in 
dimensional regularization J30|. 



Finally we note that since the solution for a, (3.1C) can be written as the difference of two terms evaluated on 
the metrics g a b and g ab respectively, we can introduce this solution into (3.14). Using the identities of Appendix A 
relating the covariant derivatives with respect to the two metrics, we find that the mixed terms cancel and the stress 



tensor may be written as the difference of two tensors, T Q 
function of a single metric. Indeed, 



wz 

b 



T 



(anom) 



ab 



(anom) 
ab 



[g] , each of which is a non-local 



T. 



Ifj] 



2 S S anom [<?] 



Sg 



ab 



91 

47T 



-V a V b cp + g ab D(fi- -(V a ^)(V fc <^) + -g a b (V c ip){V c <p) 



(3.16) 



where 



(p(x) 



d 2 x' D 2 (x,x') 



(d- 



(3.17) 



It is easily checked that the non-local tensor T£ b nom [g] is conserved by virtue of the vanishing of the Einstein tensor 
in d = 2 dimensions, and that it has the trace, 



ab rp(anom) 
9 1 ab 



91 

47T 



.91 

47T 



R 



24tt 



R. 



(3.18) 



which is the local trace anomaly in two dimensions. 
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IV. THE WZ ACTION IN FOUR DIMENSIONS 



In d = 4 spacetime dimensions there are four local scalar functions of the metric with dimension four, viz. R 2 , 
R a bR ab , R a bcdR abcd , and Di?. The last of these is a total derivative in any number of dimensions, so it gives no volume 
contribution when integrated. Thus there are just three possible counterterms for the dimensionally continued effective 
action for gravity near four dimensions. However, the existence of the total derivative \3R indicates a new feature 
absent in d = 2, since OR can appear in the trace anomaly but disappears from the volume effective action. This 
is associated with the existence of a trivial cocycle in four dimensions and leads to one constraint between the four 
possible terms in the trace anomaly H||. 

Let us define the two linear combinations in d near equal to four dimensions, 



R z 



rp — jd ryabed a r> pa 

rp s-iabcdi i) TPtabcd 

^d — [^abed^ \d = tiabed^ ~ 



- F , ( rf - 4 ) »2 
-F, + ^-R 



(<*-4) 2, 
18 



and 



-2 ab + (d~l)(d-2) 



1 



R 2 



(d - 4) R ab R ab - -R* + 0(d - A) z , 



(4.1a) 



(4.1b) 



which together with R 2 form a basis for the three remaining independent scalar invariants in the effective action. At 
d = 4, E4 is the integrand of the Gauss-Bonnet-Euler topological invariant, analogous to R at d = 2, while F4 is the 
Weyl tensor squared, a local Weyl invariant. Each of these is Weyl invariant in d — 4 when integrated over all space. 
Thus, each of these two terms will generate a non- trivi al cocycle of the Weyl group in d = 4. The addition of the R 2 
term with the particular coefficient (d — 4)/18 in ( l.la| ) adds a particular admixture of the trivial cocycle in defining 
the Ed invariant away from d — 4, chosen with a view ahead to simplify the d — > 4 limit. We do not add any such 
term to Fd since it already transforms as a local density of weight 4 under the Weyl group, and 



-gF d 



le^Fd 



-g F d + (d- 4)a^j F d + 0{d - 4) 2 



(4.2) 



becomes a local Weyl invariant in exactly d = 4 dimensions. 

Our general algorithm for the construction of the WZ consistent effective action over the two non-trivial cocycles 
now requires that we evaluate 



?wz[g;cr} = b lim 



Jd* 



-gF d - J d d x^gFd 



b' lim 



fd* 



with arbitrary coefficients b and 6'. Expanding the simple transformation law 
gives the form of the first non-trivial cocycle, namely 



b lim 

d^4 



J d d x^F d -J d d x^§F d 



gEd-J d d 



gE d 



(4.3) 



d-4 

to linear order in d— 4 immediately 



d x \J—g F4 a . 



(4.4) 



which is linear in a. 

The algebra required to compute the second cocycle in (4.3) is somewhat more tedious. The necessary relations are 
cataloged in Appendix A. To simplify the task one may note first that 



E, 



F d -[2 + (d- 4)] ^R ab R ab - ii? 2 j + 0(d - 4) 2 , (4.5) 

so that the only non-trivial quantity whose a dependence we need near four dimensions is R a bR ab — ^R 2 - Using 

Rab = Rab - (d - 2)(cr ;ab - o a o h + g ab <J C <T C ) - g ab <r c c , (4.6) 



and (3.2) we show in Appendix A that 

1 



d a x^j R ab R 



-yab 



+(d-4) / d d xyf=§ a R ab R' 



d d x^=§ R ab R 



1 7? 2 
3^ 



-a b 



l U 2 
3 R 



(d-4) / d d xv^jaA 4 <7 + 0(d-4) 2 , 



(4.7) 
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up to surface terms which we systematically neglect. In this expression 



□ 2 + 2i? Qb V Q V 6 + l(V a R)V a - \RU 



3 V ' " 3 

is the fourth order scalar operator satisfying the Weyl invariance property in four dimensions, 

^A 4 = V^A 4 (d = 4) , 



(4.8) 



(4.9) 



analogous to (3.5) in t wo dimensions. The ca ncell ation of all terms cubic and quartic in a which a priori could appear 
in the last line of (4/7) is noteworthy. Using (4/7) we have 



J d d x^—gE d = J d d xV=9Fd-[2 + {d-4)] J d d x ^ (n al 



R ab 



-If 



0{d-4) 2 



d d xy^F d + (d - 4) / d d xy^F d a - [2 + (d - 4)] / d d x ^ R ab R 



-ab 1-^2 

—ri 



2(d-4) / d d x^ [R ab R 



-□i?) a + 2(d-4) I d a x ^J-g a A 4 cr + 0(d - 4)" 



2—-. 



d d x^f-gE d + (d-A) J d^V^UE d --UR cr + 2cr A 4 cr| + 0(tf - 4) 

Therefore, neglecting possible surface terms we find that the second term in ( |f.3| ) becomes 

~gE d - J d d x^§E d 



b' lim 



d-4 



= 6' 



E 4 - f LJ-R] cr + 2crA4cr 



and the general element of the non-trivial cohomology of the Weyl group in four dimensions is given by 



Fwz[g]o-} = b / d 4 x yf—g F 4 a + b' 



x v-g 



E 4 - \ UR ) a + 2aA 4 a 



(4.10) 



(4.11) 



(4.12) 



Notice that this construction of Tyyz contains only terms up to quadratic order in a, which was arranged by the 
addition of the local R 2 term with the particular coefficient (d — 4) /18 in (4.1a). 

In exactly d — 4 dimensions by using the invariance property ( |4.9[ ) of the self-adjoint hermitian differential operator 
A4, it is easily checked that the Weyl one-form Twz[g',cr} satisfies the WZ consistency cond itio n, as was first shown 
in rcf. In the present treatment this follows immediately from the construction of (4.3) as the limit of a d 

dimensional exact form. The a variation of Twz[g] 



STwz[g;cr} 
5a 



-gF 4 + b\ 



E x 



-DR ) cr + 4cr A4CT 



b^g~F 4 + b'J—g [ E 4 - -UR 



(4.13) 



is the non-trivial conformal trace anomaly of massless quantum matter fields in the full metric, g ab = g ab exp(2cr), as 
is also easily checked using the conformal variation formulae derived in Appendix A, since 



^g \E. 



UR = <J-g E 4 - -UR 



^ 2 = ^ 



-g A4 a . 



(4.14) 



Using this relation for g ab and g ab interchanged and a — > — cr is the most immediate way of proving the invariance 
property (4.G). The independent construction of rw/z[<?;c] by the dimensional continuation limi ting process ( |4.3| ) 
explains why the action obtained by integration of the trace anomaly by undoing the variation (4.13) gives a WZ 
consistent effective action for the local conformal factor of the metric in four dimensions |l2| . 

As in two dimensions, the fact that Twz[g',cr] is a simple second order polynomial in a means that it cannot be 
written as a single-valued local functional of the ful l metric g a b, although its a variation can be through (4.13). One 
can again consider the complex transformation (pjj) and observe that 



fffz [9; cr] -> T wz [g;cr]+ iirqb d x ^/^g F 4 + 32tt iqb'x E , 



(4.15) 
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so that neither term is single valued. Replacing inq by a constant real shift oo shows that this multi-valuedness of the 
action Twz[g'i c] associated with its non-trivial cohomology necessarily implies its sensitivity to global Weyl rescalings 
of the metric. Neither term of the non-trivial cocycle is invariant under global dilations, contrary to what is claimed in 
rcf. jlq] for the type A anomaly, and both terms in the WZ consistent effective action arise from the same mechanism 
through a cancellation of the pole in dimensional regularizati on. It is also noteworthy that the admixture of the □ R 
term in the second cocycle drops out of the global dilation ( 4.15 ), since it is a total derivative. The sensitivity to 
finite volume scaling comes only from the Weyl invariants F4 and E± in four dimensions. 

Further, we can exhibit the non-local but fully covariant form of the WZ effective action by introducing the Green's 
function of the fourth order Weyl covariant differential operator (4.8). Defining this Green's function, D4 by 



-gA^D^x, x') — 5 i (x, x) , 



(4.16) 



with the same qualifying remarks as follow (3.9), allows us formally to invert the relation ( 4.14 ) for a to obtain 

2 



<r(x) 



<Fx' D 4 (x,x') 



Ex 



-DR 



\UR 



(4.17) 



This is a formal solution to the four dimensional uniformization problem of bringing an arbitrary metric to one with 
constant £4 — | □ R by a local Weyl conformal transformation. We remark that although the Poincare-Yamabe 
conjecture has been proven in two dimensions p8| , this four dimensional uniformization conjecture (namely, that the 
a of our formal inversion of A4 exists and is unique) has not been proven. However, the conformal property of A4 
suggests that it should be possible to generalize the two dimensional case in this way. 

Substituting (4.17) into (4.12) and using D^(x,x') = D 4 {x,x') shows that Twz[g~',&] can be written explicitly as a 
difference of non-local actions, 



Fwz[g', v] — A CT o S a nom[g] = S anom [g] — S anom [g] 



(4.18) 



with 



S a r. 



d 4 x 



- / d 4 x- 



d 4 x' 



d 4 x' 



-g'F i D A {x,x')[E A --DR 



Ei- - UR) D a (x,x') Ei 



\UR 



(4.19) 



If we introduce the auxiliary field ip defined in d — 4 by 



ip(x) 



dV ' Di{x,x')y/^g' [Ei 



-DR 



(d = 4) 



(4.20) 



then the non-local action may be written in the form, 



d x \J — g F4 <p 



d 4 x- 
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ip A4 tp - 



E x 



3 



DR) v 



S (F) +S (E) 

^ a 71. n 7n. 1 ^ n.n.nr 



(4.21) 



The result (4.19) corrects a misprint in eq. (2.14) of rcf. p0[ . 

In this way the non-local WZ consistent covariant effective action corresponding to the non-trivial cohomology of 
the Weyl group in four dimensions may be constructed directly from Weyl invariant counterterms in dimensional 
regularization. The trivial cocycle corresponds to the Weyl non-invariant local action, 



S 



(4) 



i\9l 



(2b + 2b' + 3b") 
18 



-gR 2 



(4.22) 



to conform to Duff's parameterization of the three independent trace anomaly coefficients H, namely 



T n a = A 4 



1 



DR) +b'E i + b"UR- 



(4.23) 



Whereas the coefficients b and b' are determined by the number of massless fields of each spin, the 6" coefficient 
is scheme dependent, as we expect for the true UV counterterm J d d Xy/—g R 2 that has non- vanishing local Weyl 
variation in the physical dimension d — 4 and no cancellation of the (d — 4) _1 pole multiplying it. 
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The local R 2 invariant which is a trivial cocycle of the Weyl group differs from the non-trivial F and E cocycles in 
another way. As we have seen, these are sensitive to global Weyl rescalings er — > a + <7q in the physical dimension, due 
to their multi-valuedness under the complex periodic transformation of the metric a — > a + iirq. This means that the 
non-trivial cocycles scale non-trivially as the finite volume of the system is scaled. However, the trivial R 2 cocycle is 
single valued under the same global transformation. Indeed, 

V^gR 2 = \[-g (R-eUcr -6cr a <? a ) 2 (d = i), (4.24) 

so its a dependence enters purely through derivatives, and its integral is invariant under rigid global rescalings in the 
physical dimension. Hence it is insensitive to finite volume rescalings, as one would expect for a term relevant in the 
UV but irrelevant in the IR. The rigid dilation invariance has associated with it a Noether current J a , whose divergence 
V a J a is proportional to the total derivative Qi? in the anomaly. Since the integral of the anomaly J d^x^J —g A± 
is nothing but the global Weyl variation of the WZ effective action, in order to have vanishing contribution to this 
global anomaly and therefore insensitivity to global Weyl rescalings, trivial cocycles must yield total divergences in 
A±, in distinction to both the non-trivial F and E cocycles. This clear separation of behavior under global dilations 
shows that the trivial and non-trivial cocycles of the Weyl group are associated with UV and IR physics respectively. 

We can proceed further to deduce a general property of the effective action for gravity by classifying the behavior 
under the Weyl group. Since Ywz satisfying WZ consistency is unique up to an arbitrary admixture of lo cal trivial 
cocycles A a o Si oca i, and Ywz itself can be written as a finite Weyl shift on an anomalous action, as in (fOJ), the only 
possible additions to S anom are local terms or arbitrary (generally non-local) but Weyl invariant terms, Si nv which 



drop out of difference ( 1.18 ). That is, the full effective action of any covariant theory must be of the form, 

Seff Is] = & 

ocal [q] ~\~ Sin V [g] + S anom [g] , (4.25) 

where 

A CT o = . (4.26) 



In addition to ( 4.22 ) the Si oca i in this expression can contain local terms of both higher and lower dimension than four, 
multiplied by coefficients with negative or positive mass dimensions, respectively. The higher dimension terms are 
strictly irrelevant in the IR, since they scale to zero with negative powers of e"° and may be neglected for physics far 
below the Planck scale, while the lower dimension local terms are nothing but the terms of the usual Einstein- Hilbert 
classical action, i.e. 

S local [g] = —J d± X ^-g(R-<2K) + S% al + £ fiffi • (4.27) 
The c lassical terms grow as positive powers of e CT ° under global dilations and are clearly IR relevant terms. The term 



(1.22) is the only allowed dimension four, Weyl non-invariant local term. The local dimension four term involving the 
Weyl tensor squared is Weyl invariant and among the many terms that can appear in Si nv . Because both of these are 
neutral under global dilations we expect them to be marginally irrelevant in the IR (conversely, marginally relevant in 



the UV). All the higher dimension local terms in the sum in (1.27) for n > 3 scale to zero as ctq 00 and are clearly 
strictly IR irrelevant. Any non-local, Weyl non-invariant terms generate non-trivial cocycles of the Weyl group. If 
ther e are only two non-trivial cocycles in d = 4, then the most general non-local, Weyl non-invariant action is given 



by ( 4.1 9| ) . These scale linearly with <7 or equivalently, logarithmically with length or volume rescalings. Although 



the precise matter content of the massless fields which are integrated out to obtain the effective gravitational action 
influence the values of the b and b' coefficients, the form of S anom is the completely general solution to the non-trivial 
cocycle action in four dimensions and its response under global scale transformations cannot be changed by local 
terms or Weyl invariant terms. 

Since the complete classification of terms in the effective action according to their response under the Weyl group 



allows only local or completely Weyl invariant terms to be added to S anorn , according to (1.25), we can conclude 
definitively that there is no non-local term in S e f / of the form, 

^wlogf^) C abcd , (4.28) 



i 2 , 

as has long been conjectured 0Jl5|,|l8|] . Indeed, such a term has no simple transformation properties under the local 



Weyl group and its local Weyl variation does not generate either the b or b' term in the local anomaly (1.23). Although 



a plethora of complicated non-local terms are generated in the full effective action of a quantum field theory in curved 
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spacetime, their Weyl non-invariant contributions which are not either absorbable into redefini tions of the coupling 



constants in the relevant parts of Si oca i, n = 0, 1 or strictly irrelevant, (n > 3) in the expansion ( 4.27 ) are completely 
determined by the trace anomaly of the renormalized energy-momentum tensor Therefore the effective action 

must always contain as one piece, S anom [g] , if its variation is to yield the correct local F4 and E4 trace anomalies in 
its conformal limit, an d the se non-trivial Weyl cocycle terms cannot be removed or altered by the addition of local 



terms. Since the term ( 4.2q ) is neither local nor Weyl invariant, and it does not reduce to the terms in the non-trivial 



cocycle that produce the correct local Weyl anomaly (by construction), it cannot appear in the effective action in 
a general background metric (although it may mimic some effects of the correct S anom in the weak field expansion 
around flat space). Although this co nclus ion and the decomposition of the general form of the full low energy effective 
action of gravity in four dimensions ([4.25 ) has been re ached after lengthy calculations from the form of the heat kernel 



expansion of the quantum effective action pljj, in fact (4.25) follows only from gene ral c ovariance and the classification 



of terms in the effective action according to their behavior under the Weyl group (2.1). 

As in d = 2 the appearance of a locally Weyl covariant scalar differential operator A4 is a necessary feature of 
the non-trivial cohomology. It cannot be removed by the addition of local terms. The propagator of a conformal 
differential operator D2 or D4 is a logarithm in coordinate space in any number of dimensions. Its IR properties in 
position space do not become any worse in higher dimensions than in d = 2. In momentum space there is nothing 
unphysical about either Ty/z or S anom , despite the appearance of the fourth order differential operator. Although 
the apparent p -4 pole produced some premature concern [l5|] , more careful attention to all the powers of momentum 
in the numerator of flat space amplitudes shows that this concern is baseless and that S anom is fully consistent with 



conformal Ward identities in flat space |32|. This certainly has to be the case without detailed calculation, since the 
WZ consistent effective action is nothing but the generating functional of precisely these conformal Ward identities. 
Any n ew n on-local terms of the kind suggested recently in p2]] are both not needed and inconsistent with the general 
form ( p~25| ). 



To conclude this section we remark also that canonical quantization of the quadratic WZ action Ty/z on the cylin- 
drical background Einstein space, R x S 3 shows that there are no propagating ghost states which survive imposition 
of the constraints of diffeomorphism invariance. Instead the physical Hilbert space of the pure WZ theory (i.e. with 
the local terms Si oca i set to zero) consists of a particular global mode of the S 3 with a discrete spectrum labelled by a 
single integer P5| . This is exactly what one would expect of a theory with a single IR degree of freedom, but no local 
UV degrees of freedom (ghost or otherwise) such as occur in local higher derivative gravity theories with C a b c dC ahcd 
or R 2 actions. Those local higher derivative actions certainly give rise corrections to Einstein gravity at the Planck 
scale, where the entire low energy effective action approach breaks down. The non-trivial cocycle action behave very 
differently, showing its IR character which is quite distinguishable from ultra-short distance behavior in the canonical 
quantization approach. Finally, in the far IR the WZ effective theory is stable to marginal deformations by the local 
R 2 term, i.e. the a priori arbitrary coefficient, 

[b"+ 2 -(b + b')] 1R =0, (4.29) 

is a stable IR fixed point under RG flow induced by the non-trivial A4 operator in the Gaussian effective action Tyyz 



Hence, the coefficient of S^l al in ( 4.22 ) flows to zero logarithmically at large distances, again just as one would 



expect for a UV marginally relevant but IR marginally irrelevant operator at a Gaussian fixed point. 



V. THE ENERGY-MOMENTUM TENSOR OF V wz IN FOUR DIMENSIONS 

We consider next the conserved energy-momentum tensors corresponding to the non-local effective actions of the 
two non-trivial cocycles in d = 4. Using the identities in Appendix A, the tensor obtained by varying to the first (b 
term) in Ty/z is 



1 



-9 Sg ab 



d i x^F i a = 2 C a \ d R cd o + 4 V c V d (c 



(5.1) 



It can be verified that the same stress tensor is obtained by first varying the b term in the d dimensional anomalous 
action and then taking the limit d — > 4. Indeed, 



1 S f 

-j^-r—r / d d xV=dF d = F ab =H ab - 

f=g 5g ab J 

r < cde 9ab s~j /^icdef 



d-2 



11 ab 



(d- l)(d- 2) 



{l) H h 

1J -ab 



d-2 



C a Vi? cd + 4V c V rf C Co c 6) d , 



(5.2) 
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where the three tensors H ab , ^Hab and ^H ab are defined in (All) of Appendix A. The first two terms in the last 
expression vanish in d = 4 dimensions (c/. Appendix B). However, in d ^ 4 dimensions this tensor is non-zero. Let 
us define 



Cab 



Van 

d^4 



Qah C c defC cde f — 4 C ac d e C t 



cde 



Evidently this tensor is non-trivial since its trace, 

g Cab — CcdefC 



(5.3) 



(5.4) 



is non-vanishing. Its a dependence in any dimension is very simple, due to the conformal transformation property of 
the Weyl tensor, 



Ca s~i u 
bed — ° bed- 



Using (AlS) of the Appendix for the a dependence of the remaining terms in ( |5.2| ), we find 

e (d-2)a Fab _p ab = 

4(d-4) 



— c d — — c d , ,— c d 1 — c d— — — — c d 

C a b °;ed + 2a d V c C a b +{d- 4)C Q b a c a d + -aC a b R cd + crV c V d C (a 6) 



0{d-Af 



(5.5) 



(5.6) 



The factor of e^ d 2 > a in the first term is a consequence of the fact that ^J—gSg 



ab _ (d-2)tr 



-gSg ab in the variation 



hold ing a fixed, and the variation of the C a b term van ishe s to linear order in d — 4. Dividing the difference of tensors 
(5J5) by d — 4 and taking the limit d — > 4 reproduces (5.1). 



Since ( |5.lD is linear in er, substituting the solution for a (4.17), 

t;(<P-<p)> 



(5.7) 



with the previous definition of the auxiliary field ip, (4.20) and <p defined similarly with all terms evaluated at the 
metric g a b into (pj) yields the difference, 



C a cd R cd ip + 2 V c V d (C (a c b d v)] - [c a C bRed£ + 2 V c V d (C (Q C 6 ^) 



(5.8) 



Taking into account the cx-independent contribution from the first two terms in (5.2) we see that the energy-momentum 
tensor obtained by varying the first cocycle (b term) in the non-local anomalous action (4.19) is 



{F) Tab[g] 



'—g Sg a 



b Si2 m [9] = bC ab -2b 



C a \ a R cd v + 2V c V d [C {a c b <f<p 



(5.9) 



in d = 4 dimensions, where now all indices are raised and lowered with the single metric g a b, and the correct 
normalization has been restored. An explicit form for the non-local tensor C ab appearing in this expression and 
defined by (5.3) cannot be obtained from the a dependence of the WZ action, but requires varying the non-local 
action S a nom[g] directly. Comparison of (5.S) with ( 4.21 ) shows that C ab comes from the variation of the auxiliary ip 
field itself. Since the second term in (5.9) is traceless, the trace g ab ( F 'T ab [g] = bC cde fC cde f comes from the C ab term 
alone. An explicit form for C ab is given in Appendix C. 

For the second cocycle the direct variation of the four dimensional WZ action was calculated in ref. ]25j . To check 
this result we may evaluate 



-g5g 



ab 



d d i 



•E d = E ab = Hab~i ^H ab + W H ab 



= 2CaedeC b Cde - ^fC cdef C cd ^ + (d - 4) 



(3)^ + 1(1)^ 
lo 



(5.10) 



where 



(3) H 

11 n 



-CacbdR 



cd 



d-2~"™ u " ' {d-2f 
2d(d-3) 



n c dn gab ~ — T^^-a K bc 



(d-2) 



{d-l){d-2f 



(rf + 2)(d-3) 2 
HHah 2{d~\)(d-2Y H 9ab 



(5.11) 
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is a generalization of the tensor ^H ab in four dimensional conformally flat spacetimes |30|]. Because £4 is the Euler 
density, the tensor E ab vanishes identically in d — 4, just as th e Ein stein te nso r G ab does in d = 2. 

The same combination of Weyl squared tensors appears in (5.10) as in ( 5.2), with its simple e~ 2rT dependence on 
a. Considering the explicit factor of d — 4 in the remaining terms of ( 5.1p| ), the stress tensor corresponding to the 
second cocycle of the WZ action in d — 4 dimensions is 



{E) T ab [g] = - 



-9 $g 



) ^S^l m [g] = b'C ab -2b' 



P)# , + J_(i)# . 
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b' 



2 5 

Cab + ^C ac bdR C + g (V Q V b -R — g a b\3R— 7RR a b) + gffah-R + 2R a c R bc — g a bR C Red 



(5.12) 



The conformal variation of this tensor is obtained by computing 



lo 



(3) jj , + J_ (i) fj , 

ii ao T 1c 11 ab 



8^ 



= 4C aV ( a ;cd - o c o d ) + 4i? (a cr ;h ) c - 4i? (a a b) a c - -R ab Dcr 



2— 2— 4— 2— — 2 — 2 — 

-i? ab (T c a- c + -i? ; ( a cr fc ) - -Ra-ab + -^RUaO-b ~ ^-a a ;bc + 4<7 ;ab [j0' + -(Dd). a b + ^(VcV C );ab ~ ^Cf{a{\2cr). b ) 



+9ab 



n -rprCd 2 -rp-CCl 1 — — _ 4——— 2—9 2 ,„J _ 9 2 — — 

-2i? o- ;cd + -i? cr c a d --i? ;c a c + -i?Da--n 2 a + - ( 7 ;cd( j' c ' i -(na) 2 + -(na) :c cr c 



(5.13) 



A straightforward exercise in commuting covariant derivatives and use of the Bianchi identities shows that this tensor 
is precisely equal to the negative of that given by the right hand side of eq. (2.9) of ref. |25| (where the notation 
for the background metric g a b omitted the overbar). In ref. pB| this energy-momentum tensor was use to study the 
physical state Hilb ert s pace of the quantized a field in the Einstein space background, R x S 3 . 
Because of (4J3) and (5^) the trace of the tensor ^T ab [g\ is 



9 



ab (E) 



T a b[g] = b' 



C cdef C cdef - 2R cd R cd + \r 2 -%UR 



= b' [ Ei--UR 



(5.14) 



in d = 4 dimensions. 

Both the tensors (F) T ab [ 5 ] and {E) T ab [g] obtained by varying the non-local anomalous action in 4 dimensions are 
themselves non-local in general. However, if the spacetime is conformally flat then the Weyl tensor, C ab and ^T ab [g\ 

both vanish, while ^T ab [g] becomes proportional to the local tensor ^H ab + j^ 1 ^ H ab . Since ^H ab is the variation of 
the local R 2 action, it is conserved on its own, and we conclude that ^ H ab with C abc d = must be conserved in d = 4 
conformally flat spacetimes. The conservation of this tensor in this case had been noted some time ago, @|| and it 
has been calledaccidcntally conserved.' Evidently this local tensor which is conserved in conformally flat spacetimes 
owes its existence to the non-local anomalous action corresponding to the second cocycle of the Weyl group in four 
dimensions. The necessary appearance of ^H ab in the renormalized stress tensor of a matter field in curved space 
after renormalization is explained by the contribution of S anom to the effective action with a finite coefficient, which 
as we have seen appears automatically in dimensional regularization ]3C| ]. Because the action S anom is non-invariant 
under global Weyl rescalings, ^H ab carries information about the global scaling behavior of a quantum theory in 
a state having this geometrical term as the expectation value of its energy-momentum tensor. This fact has been 
used to extract the IR b' coefficient of a massless scalar field for any curvature coupling £ by examining the attractor 
behavior of its energy-momentum tensor at late times in de Sitter space, showing that S anom appears also in the 
effective action of theories which are not classically Weyl invariant p4 1 . 



VI. CONFORMAL INFINITY IN THE FG CONSTRUCTION 



Since conformal invariants are central to obtaining the WZ effective action of the non-trivial cocycles of the Weyl 
group by the dimensional continuation method, we review in this section the FG procedure for constructing such 
conformal invariants in any dimension. Dimensional continuation is also the natural technique to handle a certain 
obstruction in the FG expansion at even integer dimensions . As discussed in the introduction, the FG embedding 
may be used to classify all the IR relevant terms in the effective action on the physical boundary space as well. Thus 
the treatment and applications of the FG construction in this paper will be somewhat different than that in the recent 
literature ffilHl. 



1G 



The FG approach is based upon generalization of the following elementary example of embedding of the round 
sphere S in a flat Minkowski space of two dimensions higher. In this example the d + 2 dimensional space (called 
the ambient space) has signature (d+ 1, 1) and flat metric rj AB , i.e. its line element is 



dS 2 = r] AB dX A dX B = -(dX a ) 2 + {dX 1 ) 2 + ... + (dX d+1 ) 2 
with the proper Lorentz isometry group SO(d + 1,1), 



{dx°y + dx-dx. 



x 



/A 



A A B X B . 



(6.1) 
(6.2) 



This group has three classes of orbits in the ambient space, namely 

1. Degenerate: The future (or past) light cone, rj AB X A X B = 0, with X° > (or X° < 0); 

2. Lobachewski (Euclidean AdS): The upper (or lower) sheet of the two-sheeted hyperboloid, ijab X a X b 
with A > (or A < 0) and negative intrinsic scalar curvature, R = —d(d + l)/£ 2 ; 



3. de Sitter: The single sheeted hyperboloid, tjab X a X b 
d(d + l)/£ 2 . 



2 , with positive intrinsic scalar curvature, R 



In the first class of orbits the Lorentz group acts projectively, and the space of null directions on the future light cone 
is isomorphic to the sphere S d . Indeed let 



l,...d+l. 



(6.3) 



Then t/ab N a N b = = — 1 + n % n l implies the vector n lies on the unit sphere S d . Under the Lorentz transformation 

(PD, 



n — * n 



X _ A'' + K l } n j 
A 77 " ~ A° n + A° t n k 



(6.4) 



Using dX % = X°dn l + n l dX°, the ambient metric (6.1) restricted to the light cone is 

dsl = (X°) 2 dn-dn. 



(6.5) 



Since the light cone is inv aria nt under SO(d + 1,1) proper Lorentz transformations in the ambient spacetime, the 
projective transformation (6.4) may be viewed as a local conformal transformation, 



A -» X'° = n(n)X° , O = e <T =A° 



A , n l 



(6.6) 



of S d . Hence the conformal structure on the sphere S d may be investigated by studying the simpler Lorentz group in 
the ambient space. 

On the second class of orbits, Lobachewski space, one may introduce the standard hyperbolic projective coordinates, 



A 



1 + y 2 



X' 1 =1 



2y* 



i-y 2 

so that the metric takes the standard Lobachewski form 



i-y 2 



v 2 = y-y, 



2 _ U 2 dy-dy 
L (l-y 2 ) 2 ' 

with the boundary at y 2 — 1. Alternately, one can introduce the coordinates 



P : 



4 (l-y) 2 



I 2 (1 + y) 2 ' 

to bring the Lobachewski line element into the FG form, 



- y 

n = — 



ds 2 = l - ( * 
L 4 V P 



i 2 p" 2 



dn ■ dn 



i 2 dp 2 1 

— —5- + - g ab (x,p)dx a dx b . 
4 p z p 



(6.7) 



(6.8) 



(6.9) 



(6.10) 
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with g a b(x, 0) the round sphere metric on S d , and x a , a — 1, ... d coordinates on S . Thus the boundary of Lobachewski 
space at p — is isomorphic to the light cone of the first orbit which it approaches asymptotically. This is the 
conformal boundary of d + 1 dimensional Lobachewski space, and in this elementary example of embedding the 
conformally flat S d , the Lobachewski metric (called the bulk metric) g a b(x,p) possesses a regu lar Taylor expansion in 
p which terminates at the second order, after the factor of p^ 1 has been extracted as in (3.10). The usefulness of this 
coordinatization is that the conformal group of the boundary S d metric, SO(d + 1, 1) at p = has been represented 
as the isomctry group of the bulk (and ambient) space, which makes possible the study of the conformal structure on 
the boundary by ordinary geometric properties both in the d+1 bulk Lobachewski space, as well as the d+ 2 ambient 
flat space. The Lorentzian signature AdS metric with isometry group SO(d, 2) is obtained by changing the signature 
of one of the X % in the ambient Minkowski space metric (6.1). 

The analogous construction works equally well in the case of the third class of orbits, namely de Sitter space. Indeed 
introducing the change of variables, 



into a standard form of the de Sitter line element, 



ds 2 deS = -dr 2 + ^ 2 cosh z ( - ) dn • dii . 



with closed S d spatial sections brings it into the FG form, 



rU 2 

as deS 



e_ (dp 

4 \ p 



Pp_ 

4 



dn ■ dn 



£ dp 1 . \ i n i b 

■ — ^ r + -g a b(x,p)dx dx , 
4 p A p 



(6.11) 



(6.12) 



(6.13) 



which is exactly the same as the Euclidean AdS case ( 3.1C ) with £ 2 — > — I 2 . The conformal infinity at p — 0, r = oo 
is also asymptotic to the same future light cone in the d + 2 dimensional ambient space and therefore it enjoys all the 
same conformal properties as the p = boundary of Euclidean AdS. Thus, the FG method of extracting conformal 
invariants and conformal field theory behavior will work equally well in asymptotically de Sitter spacetime at its 
spacelike future infinity at p = 0, and there is CFT behavior at the conformal infinity of bulk de Sitter space as well. 

To show the conformal behavior in de Sitter space arises more explicitly, let us use the flat spatial sections of de 
Sitter space, 



ds 



deS 



-dt l 



' exp 



2t 



dx ■ dx 



(6.14) 



and make the change of variables p = £ 2 exp i 



ds 2 d e s 



£ 2 (dp 
4" I p 



y) to bring the de Sitter line element into the alternative form, 

(6.15) 



1 

P 



— I — ] H — dx ■ dx = — t~^t "I — S a bdx a dx b 



e_d^_ 



In this case the metric takes the FG form with g a b(x,p) — g a b{x,0) = 5 a b independent of p. Then consider the 
behavior of the two-point function of a scalar field with mass m in d + 1 dimensional de Sitter spacetime, viz. [^6| 



(47T) 2 1 ( — , 



£i-d v a - v )va + v ) (d d <\ 

- - 2-F1 I - - v, - + v\ 



1 - s 2 (t,x; t',x") 



(6.16) 



where 



s 2 (t, x; t'x 1 ) 



d 2 



— m 2 £ 2 



1 ft + t' 
7 ex P 



and 



(6.17) 



depends only on the invariant distance between the two points (t, x) and (t' , af). Going to the conformal boundary at 



t ~ t' — * oo, p ' 



0, s becomes proportional to the flat section invariant distance (x — x') , and the asymptotic 



behavior of the hypergeometric function 2-F1 implies that the two-point function of the scalar field behaves as 
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(T$(t,g)$(t',&)) -> Cs- 2A - + C+s~ 2A + , (6.18) 
characteristic of a conformal theory in flat space with conformal weights, 



d d Id 2 

A± = - ±is= - ±J— - m 2 £ 2 . (6.19) 

We note that the de Sitter case propagator comes from a massive unitary field theory and gives complementary 
information about the conformal representation corresponding to A_ which cannot be obtained in the AdS case 
without going to tachyonic m 2 — > —m 2 . General de Sitter correlation functions which depend on the invariant 
distance between two points in the de Sitter bulk will have conformal behavior as p — > as well, for purely geometric 
reasons of the embedding. The asymptotic behavior of quantum field theory on de Sitter spacetime, deSd+i induces 
conformal field theory behavior, CFTd on its asymptotic conformal infinity. This is so because of the pure kinematic 
fact of group isomorphism: the de Sitter isometry group SO(d + 1, 1) is the same as the conformal group C(S d ) of 
the asymptotic conformal infinity, which consists of the asymptotic past and the asymptotic future S of deSd+i- 
In other words, there exists deSd+i/CFTd correspondence |57|[38j. There is another aspect of the deSd+i/CFTd 
correspondence, namely, for even integer d = 2k, conformal anomalies can be computed from the bulk gravitational 
theory on a spacetime of constant positive curvature of one higher dimension. This connection with conformal 
anomalies is described in the next section. 

To proceed now consider the FG generalization of the above simple example of embedding S d to an arbitrary d 
dimensional metric. FG showed that any d dimensional metric (with the appropriate signature) may be embedded at 
the conformal boundary of a space of asymptotically constant curvature, with g a b(x,0) = g a ° b the boundary metric 
and the bulk metric in the vicinity of the boundary given by expanding g a b{x,p) in a Taylor series in integer power 
of p, i.e. 

ga b (x,p)=Y,9al\x)p n - (6-20) 

n 

(n) 

The coefficients g ab arc determined order by order in p by solving Einstein's equations for the d+ 1 dimensional bulk 
metric. However as noted by FG themselves |7| if d — 2k is an even integer this Taylor series breaks down at order 
n = k, and logarithmic terms appear for the general embedded metric. In that case only the trace and the covariant 

(k) • • . . . . (k) 

divergence of g ab is determined by Einstein's equations in the bulk. The remaining part of g ab cannot be determined 
and has been called 'the FG ambig uity' |33| . 

The breakdown in the expansion ( 6.20| ) at n = k for even integer dimensions d — 2k has to do with the existence of 



certain traceless conformal tensors on the boundary metric |t]] . How ever, as is already apparent from the power series 



solution of Einstein's equations for general d in ref. jl9|, the series (|3.2c| ) is well-defined for all n\id^2k and there 
are no logarithmic terms, their place being taken instead by simple poles at d — 2n in the coefficients, g ab - Thus 
dimensional regularization supplies just the means of realizing the FG idea of obtaining a unique d + 1 dimensional 
bulk metric corresponding to an arbitrary d dimensional boundary metric by solving the Einstein equations order by 
order in a power series in p, with the general g a b(x,p) given by ( 6.20| ), replacing the simple terminating series we 



found in the exact Lobachewski or de Sitter cases. This is the first point of contact between the FG construction and 
dimensional regularization. 

Furthermore, the residues of the poles in at d — 2n are linear combinations of precisely the conserved tensors 
G a b and F ao , E a i, encountered in the previous sections for n — 1 and n — 2 respectively, showing the close connection 
of these terms in the dimensionally continued FG expansion with the non-trivial cocycles in two and four dimensions. 
Indeed, the explicit form of the first few expansion coefficients in arbitrary dimension d was reported in ref. [|35f , which 
after taking account of the different conventions for the Riemann tensor reads 



tb 



r-i 



^ = J— A {- 8{d^T) V « VbR+ DRab ~ 8(rf-l)(rf-2) Di? ^ ) " 2(d^2) RCdRacbd 
d - 4 — - 1 „ „ . f - - cd jo) 3d 2 jo) 



1 2(d-2y KRbc + {d-i){d-2f RRab + W^W RcdRC 9ab i&{d-md-2Y R 9 « b ) ■ (6 ' 21b) 

The expansion coefficients ar e com pletely well-defined and there is no FG ambiguity in the dimensionally continued 



coefficients of the expansion (6.20). The coefficients of the conformal anomaly determined by this construction are 
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the same on the de Sitter side as on the AdS side modulo the i 2 — > — £ 2 changes in the basic formulae. The residue 
of the pole at d = 2 in <j£^ is proportional to the Einstein tensor, G a b, while the residue of the pole at d = 4 in 
Sab ^ S easily verified by means of the identities in Appendix A to be proportional to a linear combination of E a b and 
F a t,. In fact, G a b and E a b vanish in two and four dimensions respectively, and do not contribute to the pole terms, 
while F a b is the traceless Bach tensor which is the explicit obstruction to the p expansion in four dimensions |7j . The 
reason for this connection is that the residues of the pole terms, which correspond to the logarithms in even integer 
dimensions are necessarily conserved due to the Einstein equations in the bulk geometry, and they transform with a 
definite conformal weight 2(1 — n) under conformal transformations of the boundary metric. It follows from this that 
the residue of <r? at d — 2n must be a linear combination of the conserved traceless tensors obtained by varying 
the 2n dimensional action composed of conformal invariants in that dimension. This is the second point of contact 
between the dimensionally continued FG expansion and the development of the previous sections. 

To demonstrate the transformation properties of the coefficients in detail requires the form of the coordinate 
transformation of the bulk metric which leaves the FG form, 



i 2 dp 2 i 

4 p 2 p 



ds 2 = ±- J y- + -g a b(x,p)dx a dx b , (6.22) 



invariant j39|-fll[. These special (PBH) transformations take the infinitesimal form, 

p = p > e - 2 °(*')~p'(l-2a(x')) ) 
x a = x' a + £ a (x',p J ). (6.23) 

Requiring the FG bulk line element have no mixed dx' a dp' terms gives 

Z a (x,p)=±*£ dp'g ab (x,p')d b a(x)+C (0) (x). (6.24) 
Then £ a may be developed as a power series in p, i.e. 

e(x,p) = j2z a(n) Wp n > ( 6 - 25 ) 

71 = 

which is completely determined by the expansion ( |6.20D when we impose the Einstein equations in the bulk geometry. 
The diffeomorphism ( 6.23| ) generates the transformation, 



5g ab {x, p) = 2a(x)(l - pd p )g ab {x, p) + V a ^ b (x, p) + V b £a(x, p) or (6.26) 
6g%\x) = 2(1 - n)a(x)g%>(x) + V^x) + V b fr\x) (6.27) 

on the metric, where V a is the covariant derivative with respect to the zeroth order boun dary metric g^°\ At 



p = 0, or for n = this transformation reduces to an infinitesimal Weyl transformation (2.1) of the boundary 
metric g a b(x,p = 0), up to the diffeomorphism ^i°\x). The transformation of the coefficient g^ under global Weyl 
transformations, a(x) = ao = const, is that of a tensor of weight 2(1 — n), as required. Hence a similar relationship of 
the higher order terms in the expansion, possessing poles at larger even integer dimensions, with the variations of the 
Weyl invariant terms that give rise to traceless conserved tensors in those dimensions is to be expected. Particular 



linear combinations of these tensors enter the expansion (6.20) because the solution of the bulk metric is determined 



by the second order Einstein equations on the d + 1 dimensional embedding space, and this solution contains no 
arbitrary coefficients in non-integer dimensions. 

I t is im portant to recognize that the use of the Einstein equations to determine the coefficients of the power series 
in ( 6.20| ) for the bulk metric is the simplest route to generalizing the example of the embedding of the sphere in 



Lobachewsky or de Sitter space. The Einstein equations have no dynamical content as equations of motion following 
from some variational principle in this purely mathematical construction of the bulk embedding geometry. Rather, 
once the bulk metric embedding has been determined by solving the Einstein equations for fixed constant Ricci 
scalar as a power series in p, we are free to evaluate any coordinate invariant scalar action functional on this bulk 
metric, and indeed this was the method FG proposed to construct conformal Weyl invariants of the boundary metric. 



Since a particular subset of bulk coordinate transformations, the PBH transformations (6.23) are local conformal 
transformations on the boundary, coordinate invariant scalars in the bulk give rise to conformal invariant scalars 
on the boundary. In the original paper pj the construction of conformal invariants was proposed by considering 
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coordinate invariant scalars in the d + 2 dimensional (n ow n on-flat) ambient space, of dimension less than 2n to 
avoid the logarithmic obstruction to the series expansion ( 6.2C ). However, as the considerations of this section show, 



dimensional continuation allows one to lift this restriction, and to use invariant scalars in the d + 1 dimensional bulk 
embedding space, which contain the same geometric information as the ambient space embedding. Thus, dimensional 
continuation furnishes exactly the missing ingredient in the FG construction, which repays the favor by furnishing 
the Weyl invariants needed to construct the non-trivial cocycles in the general procedure of the previous sections. 

Moreover, as we have seen, for the general embedded geometry the region near p = is similar to the light cone of 
the simple prototype example of embedding S , and the expansion in powers of p works equally well for the metric of 
the d + 1 dimensional asymptotic AdS or deS space in the vicinity of p — 0, since both spaces of positive or negative 
scalar curvature asymptotically approach the same light cone, which is the conformal infinity of the d + 2 dimensional 
ambient spacetimc. 

VII. FINITE VOLUME SCALING AND THE IR EFFECTIVE ACTION FOR GRAVITY 

The discussion in the previous section of the embedding procedure and dimensional regularization to realize the 
original FG idea for constructing the conformal invariants of the boundary metric is essentially mathematical and 
kinematic in nature. The FG construction of Weyl invariants is just what is needed to generalize the method of 
obtaining the anomalous WZ effective action corresponding to non-trivial cocycles of the Weyl group in any even 
dimension, as proposed in Section 2. In the physics literature to date the FG embedding has been used almost 
entirely to check features of the AdS/CFT correspondence, which specifies that the classical supergravity bulk action 
be used However, the embedding of an arbitrary metric in a space of one dimension higher, in such a way that 
conformal transformations on the boundary become coordinate transformations in the bulk has broader consequences 
for anomalies and infrared scaling behavior than perhaps is evident at first. It is this physical application of the FG 
embedding to the construction of the low energy effective action for gravity that we explore in this section. 

Let us consider an arbitrary coordinate invariant local action in the d + 1 dimensional bulk, 



S bu ik = J dpd d xp-^^B(x,p) = I dpd d xp-i-Wg {0) b(x,P), (7-1) 

where we have chosen to place the p dependence of the volume element of the metric g a b(x, p) into the density b(x, p). 
From the fact that B = \fgWb/ Jg in ( |7.l|) t ransforms as a scalar under the PBH diffcomorphisms ( 6.23| ), one can 
find the transformation rule for b, namely ]41| 

Sb(x, p) = -2a(x) pd p b(x, p) + V a (b(x, p)?(x, p)) , (7.2) 

From this the transformation for the coefficients in the p expansion, 

b(x,p) = Y. h -p n ( 7 - 3 ) 

may be found, i.e. 

6b n = -2nob n + Vq b ^ ^ J ' ( 7 - 4 ) 



wher e the are the expansion coefficients of £ a determined by ( 6.2d| ) and ( 6.24 ). The form of the transformation 



(7.4) shows that 

J ^d 2k xb 2k (x) (7.5) 

is invariant under local Weyl transformations in d = 2k dimensions, for any diffeomorphism invariant action function 
Sbuik in the bulk. Hence substituting explicit forms for scalar functions in the bulk and carrying out the expansion of 
b in p to order n — k in dimensionally continued d dimensions by solving the Einstein equations (with either positive 
or negative cosmological constant) generates precisely the conformally invariant scalars one needs to construct the 
non-trivial cocycles in d = 2k even dimensions. This is the explicit proof of the construction of conformal invariants in 



the coordinates (6.22). Notice also that both the strictly local Weyl invariants (type B) for which the inhomogencous 
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total derivative term in (7.4) i s ab sent, and the topological invariants (type A) for which this term is present are both 
contained in the solutions of (7.4). 

It is instructive to write down the infinitesimal PBH conditions which the first few b n must satisfy: 



5b = , 
6bi 



-2ab 1 ± —boDa, 



5bn 



-Aab 2 T 



4(d-2) 



R ab V a V b a - ^-Rn<J 



1 



(7.6) 



which are solved by @ 



b = const, 
h = ±b 

b 2 = b 



4(d-l) 

£ 4 



R. 



32(d- 2)(d- 3) 



+ C2 £ C a bcdC a 



bed 



(7.7) 



The de Sitter case is again recovered from the AdS case by a simple change of I 2 — > — Z 2 in all AdS formulae. The 
coefficients 6„ are the Euler (type A) and Weyl (type B) invariants which we have used in our previous construction 
of the non-trivial cocycles in 2 and 4 dimensions. Note that the Euler invariant in ([7j]) is associa ted with the 
inhomogeneous solution to ( |7.4| ) induced from the lower order b n in the second total derivative term of ( |7.4| ) or (f7.6|) , 
corresponding to the fact that the Euler density is Weyl invariant only up to a total derivative. On the other hand 
the local Weyl invariant C a b c dC abcd is a solution to the homogeneous eq. Sb 2 = —4ab 2 . Notice also that only the 
non- trivial cocycles are generated by this procedure. The trivial R 2 cocycle is not a solution of the PBH equations 
( [7.6[ ). Clearly this is because the trivial cocycles are not locally Weyl invariant, and only local Weyl invariants (up 
t o sur face terms) can be generated by bulk coordinate invariants due to the PBH symmetry. Certainly no term like 
(4.28) is generated. 

Because of the PBH symmetry b necessarily satisfies the infinitesimal form of the WZ consistency condition, 



d 2k xV9 i0) (^iSa 2 b- 



o- 2 5 ai b) = , 



(7.8) 



since this is just a subset of diffeomorphisms of the bulk action. Since the b n coefficients appear both in the action and 
in the trace anomaly aft er va riation wi th re spect to a, this excludes Qi? from b 2 in (7.7) as well. Indeed comparison 
of the third variation in (7.6) with eq. ( A17) of Appendix A shows that \3R does not satisfy this condition. Thus the 
FG construction is precisely what is required to construct the Weyl invariants (and only those invariants) which give 
rise to the non-trivial cocycles in any even dimension. Taking arbitrary linear combinations of coordinate invariant 
scalars in the bulk action will give rise to arbitrary linear combinations of the conformal invariants on the boundary, 
in contrast to the AdS/CFT conjecture which applies to a specific bulk action and specific set of anomaly coefficients 
in the boundary theory. 



The pole term in the expansion of the metric (6.20) at or der n = k is cancelled a nd d oes not appear in the expansion 
of the action density b(x, p). However when the expansion ( |7.3| ) is substituted in ( (7.l|) the p integral diverges at small 
p in even integer dimensions, or equivalently the n th order term in the expansion of the classical bulk action possesses 
a pole at d = 2n, similar to the dimensional regularization counterterms in a quantum field theory at the boundary. 
However, unlike the UV regulator of quantum theory, dimensional regularization now appears as an IR regulator of 
the large volume divergences of the classical bulk action. 

The fact that the limit p — > is an infrared limit is clear also from the PBH transfor matio n ( 3.23 ), which shows 
that p — > if a = oq — * +00, with p' fixed. The explicit form of the change of variables (6.11) to bring the de Sitter 



metric into the FG form also shows conformal infinity is reached by stretching all length scales t o the extreme IR limit, 
where the conformal behavior of the de Sitter correlation functions becomes apparent, as in ( |6.18 ). This stretching 
of physical length scales (with some UV cutoff imposed if necessary to regulate short distance behavior) is precisely 
what is contemplated in the Wilson description of the renormalization group jl7|] . Rescaling of p in the bulk metric is 
completely equivalent to a finite volume scaling in the conformal boundary metric, and the expansion of the general 
bulk action in powers of p is just an expansion of the general boundary action in scale dimensions of the volume. 

From the general PBH transformation and the explicit examples we see that p scales like A~ 2 if A is a physical 
length scale in the boundary metric. Substituting the expansion (7.3) in (7.1) and cutting off the lower limit of the p 
integral at p = \~ 2 shows that the dimensionally regulated series is of the form, 
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°° \d-2n 



(7.9) 



where we neglect the A independent terms coming from the (fixed) upper limit of the p integral. In the d dimensional 
boundary theory the A dependent terms in this series have precisely the form of terms in the effective action with mass 
dimension 2n, b2 n {Xx) = X~ 2n b2 n {x), the power of A classifying their behavior under global Weyl transformations, i.e. 
finite volume scaling. The terms with n < ^ are strictly relevant terms at large volumes. Conversely those with n > ^ 
are strictly irrelevant in the infrared limit of large volumes. The marginally relevant terms at d = 2n are obtained by 
taking the logarithmic variation, A^ which cancels the pole when d — > 2k, yielding the finite result (7.5), which are 
the non-trivial cocycles of Weyl anomaly in 2k even dimensions. As we have seen explicitly in d = 4 the trivial R 2 
cocycle is not included in b^. Thus the FG construction selects precisely the infrared relevant terms and only those 
terms in the limit p — > (or A — > oo). 

The absence of the trivial cocycle terms which are required for UV renormalization is a manifestation of the fact that 
the poles in the expansion of the dimensionally regulated bulk action ( |7.9| ) are infrared poles, their formal similarity to 
the UV counterterms of dimensionally regulated quantum theories notwithstanding. Taking the logarithmic variation 
of (7.9), the physical limit d — > 2k and integrating again with respect to dX/X gives 



k-l 



O9 (0) ;A] = £ 



2fc-2n 



2k ~ 2n 



d 2k xVg {0) b n (x)+\ogX / d 2k xVg(°n 2k {x) +O(A ) 



(7.10) 



which are all the infrared relevant terms in the boundary effective action which grow with either a positive power of 
A or log A as A grows. We see that the non-trivial cocycles of the Weyl anomaly are the latter which are marginally 
relevant under finite volume rescaling. If A is replaced by e a ° then ( 7.10 ) is exactly o f the form of the WZ consistent 
effective a ction Twz[g^', &o], augmented by the relevant local terms for n < k in (4.27) to give the total effective 
action of ( 4.25 ). The Weyl invariant terms Si nv are order A and cannot be calculated by ei ther meth od, but neither 
are they relevant in the low energy, long distance limit compared to the terms kept in ( 7.10] ) or (4.25). 

Thus the FG embedding does much more than generate just the local Weyl invariants, which was its original 
purpose, and which are needed to const ruct the non-trivial cocycles of the anomaly in any even integer dimension. 
The terms explicitly displayed in (7.10) which diverge as A and the physical volume are taken to infinity are just 
the IR relevant terms of the Wilson effective action of the generally covariant boundary theory. This provides an 
unambiguous definition and extension of the Wilson RG scale transformation to low energy effective theories of gravity. 
From this Wilson effective action point of view the integral of R 2 is absent in four dimensions because it is a marginally 
irrelevant operator in the IR which is independent of global Weyl rescalin gs, r emaining volume independe nt in the 
infinite volume A — > oo limit. Arbitrary A independent non-local terms in ( 7.10 ), corresponding to Si„ v in ( 4.25 ) are 
also neutral under finite volume scale transformations and therefore are marginally irrelevant operators in the infrared 
as well. Thus, we arrive at a precise formulation of low energy effective field theory for gravity in d dimensions from 
the classical FG construction in d+1 dimensions. Its direct proof in a full quantum field theory setting is more difficult 
than this simple classical construction and would require that one systematically integrate out all the fluctuations 
between two scales, say A and 2A, to show that the new effective action is of the same form as the previous one, ( 7.10| ) 
with renormalized coefficients, provided that this effective action is used to calculate only soft processes with momenta 
p« 1 In principle, this Wilson-Kadanoff exact renormalization group blocking procedure can be applied either in 
the continuum or on a lattice. Although this direct analysis would be welcome, as it would give detailed information 
about the RG flow for different matter or gravitational field representations and couplings, the general classification 
of terms in the effective action according to their properties under Weyl rescaling and the FG implementation of this 
rescalin g as a coo rdina te transformation in one dimension higher is sufficient to fix the general form of the IR effective 
action ( p5| ) or ( ff7To| ) . 

The low energy effective action for physical four dimensional spacetime includes in addition to the familiar cosmo- 
logical term bo which scales as the volume, A 4 and the Einstein- Hilbert term b\ which scales as A 2 , also the non-local 
Sanom corresponding to the two non-trivial cocycles in d = 4 which scale as log A. Hence these anomalous terms from 
the non-trivial cocycles are not irrelevant in the infrared, and in principle modify the Einstein theory even at low 
energies and large distances. This conclusion is perhaps less surprising if one recalls the origin of the anomaly as the 
effect of massless excitations which do not decouple at arbitrarily large distances. As in the example of the U(l) chiral 
anomaly, the most general low energy effective Lagrangian consistent with symmetry contains a marginally relevant 
WZ term which dominates the decay, n° — ► 2-f in the low energy limit of QCD 
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VIII. CONCLUSIONS 



Since several different aspects of conformal anomalies have been presented in this paper, and some parts of these 
overlap with earlier work, we summarize here the main conclusions for the benefit of the reader: 



The finite shift coboundary o pera tor o f the Weyl group may be defined without the use of anti-commuting 



Grassmann variables by Eqs. (2.3) and (2.4) 



• The first cohomology of the W eyl g roup is defined as one-forms of the cochain which are closed but non-exact 



in the sense of Eqs. (2.8) and (2.9), and are represented by non-local functionals of the metric in the physical 



even dimension d = 2k. 

• The non-local cocycles of the Weyl group may be constructed in dimensional regularization by considering all 
the local counterterms of dimension 2k near d — 2k, and selecting those which are conformal invariant in and 
only in the physical dimension. 

• The non-trivial cocycles are of two kinds, corresponding to two kinds of conformal invariants, those invariant 
up to surface terms, of which there is only one (type A, Euler density) and those which are locally conformal 
invariant (type B) , of which there are an increasing number in higher even dimensions . 

• Both kinds of non-trivial cocycles have integrals whose local Weyl variation vanishes linearly as d — > 2k, and 
lead to UV finite effective actions, local in terms of a, which automatically satisfy the WZ consistency condition. 
The action obtained this way is identical to that obtained by integrating the local anomaly with respect to a. 

• The effective actions constructed by this method are nevertheless non-trivial due to the multi-valuedness under 



the global shift (3.6), which signal sensitivity to winding about the obstruction in the space of metrics at the 
singular metrics g a b = and g ab — 0. 

• Exactly this same multi-valuedness property indicates sensitivity of the non-trivial cocycle actions to global 
Weyl rescalings fl3.8| ), which imply that they correspond to marginally relevant operators in the IR. 

• The non-local but fully covariant action corresponding to each non-trivial cocycle may be constructed explicitly 
by solving a linear differential equation for the conformal transformation a between two members of the conformal 
equivalency class g a b and g^. 



The conformal differential operator appearing in this equation for a is □ in d — 2 dimensions and A4 defined in 



(4.8) in d = 4 dimensions. In the latter case a new uniformization conjecture analogous to the Poincare-Yamabe 



conjecture for two dimensional Ricmannian manifolds suggests itself. 

• There are analogous d th order conformal differential operators on scalar functions in higher even dimensions, 
and although this has not been proven in all generality, it appears to be possible by simple counting of invariants 
to bring the anomalous action in higher even dimensions to a Gaussian form in a by a suitable admixture of 
the trivial cocycle terms. This has been verified explicitly in d — 2, 4, 6 dimensions, with the d = 6 case treated 
first in rcf. JIo| and also in [^3). In all even dimensions the propagator of the conformal invariant differential 
operator is logarithmic. 

• Corresponding to each non-trivial cocycle there is a conserved energy momentum tensor which is generally non- 
local also in its fully covariant form. One of these tensors becomes the local geometric tensor ( 3 ) H a t, in d = 4 
conformally flat spacetimes, showing the true origin of this tensor. 

• In d = 2 there are no local Weyl invariants and the non-local effective action found by Polyakov is the single 
infrared relevant term in the effective action for 2D gravity in addition to the volume cosmological term, all 
other possible terms in S e f / being strictly irrelevant in the IR. 



In higher dimensions the non-trivial cocycles determine the effective action up to local terms and strictly Weyl 



invariant terms, as in (4.25). Although this is considerably less information than in two dimensions, it already 



deter mines all the IR relevant terms in the effective action in d — 4 and is sufficient to preclude any term of the 



form (4.28) for the Weyl squared anomaly. 



• The Fefferman-Graham embedding of an arbitrary space at the conformal infinity of a higher dimensional space 
is exactly the construction needed to generate the local conformal invariants, and therefore non-trivial cocycles 
and WZ effective actions in all higher even dimensions by the dimensional regularization method. 
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Conversely, dimensional regularization of the FG series (6.20) eliminates the obstruction or ambiguity in the 
original FG construction, prov iding a well-defined bulk metric of either positive or negative scalar curvature 
(deS or AdS) in the form (|J|). 



• Although it makes use of the classical Einstein equations in the bulk, the FG construction is essentially kinematic, 
embedding the local Weyl group of the boundary metric in the diffeomorphisms of the embedding space, and 
the asymptotically de Sitter embedding space has the same conformal behavior at infinity in the coordinates 
( |6 .15 ) as the asymptotically AdS embedding. Both give rise to CFT behavior at conformal infinity p — > 0. In 



other words, there is deSd+i/CFT d correspondence as well. 

• By cataloging all scalar invariants in the d + 1 dimensional bulk geometry of the dimensionally continued FG 
construction, whose volume integrals diverge as the conformal limit p — > is approached, all IR relevant terms 
(and only those terms) in the low energy effective action of gravity in any integer dimension may be obtained. In 
this case dimensional regularization may be used as well, with poles appearing to regulate now the IR (instead 
of UV) divergences at infinite volume. 

• Hence, the FG embedding of the local Weyl group into diffeomorphisms of one higher dimension gives a precise 
meaning to finite volume rescaling in the Wilson RG sense to theories possessing low energy general coordinate 
invariance. 

• The non-trivial cocycles of the Weyl group and the non-local effective actions they generate are marginally 
relevant in the IR, while the trivial cocycles and Weyl invariant terms in (1.25) or ( [7.10 ) are either marginally 



or strictly irrelevant (A p , p < 0) and may be neglected in the low energy effective action of gravity. 

• The known anomalies in d — 4 lead to effective actions which are marginally relevant, implying modification of 
the classical Einstein theory at low energies or large distances. 

Finally the higher order differential operator in d = 4 leads to no problems with ghosts or unphysical poles [p5| , 
and indicates instead an additional global scalar degree of freedom in the low energy effective theory of d = 4 gravity 
over and above the Einstein theory. Since the conformal mode is completely frozen in the classical Einstein theory, 
the new mode can lead to qualitatively n ew ef fects in the modified theory. In fact, the fluctuations of this new 



degree of freedom in the quadratic action (4.21) generate an infrared stable Gaussian fixed point characterized by 
restoration of conformal symmetry and anomalous scaling of both the Einstein-Hilbert and cosmological terms p0[ . 
At this fixed point the scaling dimensions of the Einstein and cosmological terms are different from their classical 
dimension in the classification of relevant, marginal and irrelevant terms in the low energy effective action of the 
previous section. These refer to the perturbative (therefore also Gaussian) fixed point of flat spacetime where scaling 
dimensions of terms under the RG are given by their canonical dimensions. The new non-perturbative fixed point 
found in ref. p0| describes a conformal invariant phase of strong gravity in d = 4 where the effective cosmological 

A and inverse Newtonian G _1 terms flow to zero and it is the Sanlm term of (4.21) which controls the physics flU] . 
Possible consequences of this conformal invariant phase of gravity for the Cosmic Microwave Background have been 
investigated in E5J. 
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APPENDIX A: CONFORMAL VARIATIONS 



For the reader's convenience we catalog in this Appendix the various tensors and their conformal variations needed 
to derive the detailed formulae of the text. The conformal variations may be derived from the relation between the 
covariant derivative with respect to the metric g a b and 

9ab = e 2lJ g ab . (Al) 

By definition, 

V a V b c = d a V\ + Y\ d V d c T d ac V b d ; (A2a) 

V a V b c ee d a V\ + t ad V d c T d ac V b d . (A2b) 

where the Christoffel connections are related by 

gbd 

rb a C = '— (-ddg ac + d a g cd + d c g ad ) 

gbd 

= '— {-d d g a c + daSScd + d c g ad ) + g bd {-g a cd d (J + g cd d a a + g ad d c a) 

= T b ac + AT b ac , (A3) 

with 

Ar b ac ^-g ac <T b + 5 b c a a + 6 b a a c . (A4) 

This is the basic relation from which all the needed conformal variations may be derived. From these relations and 
the definition of the Riemann tensor, 

[V c ,V d ]v a = R\ cd v h (A5) 

we obtain its conformal variation, 

R a bcd = R a bcd + ^ a [d a. c]b + 2g b[c a, d]a + 2g b[d a c] a a + 2S a [c a d] a b + 28 a [d g c]b a e a e , (A6) 

where a a = V a cr and a- ab = VfcV a cr = V a Vfc(T, all barred covariant derivatives taken with respect to the metric g ab , 
and 2V[ ab ] = V ab — V ba denotes anti-symmetrization of the bracketed indices. The contractions of this formula in d 
dimensions, 

Red = Red - (d - 2) (a, cd - <r c a d ) - g cd [Ua + (d - 2)<7 a <r a ] ; (A7a) 
R = e- 2a {R-2{d-l)U(y - {d-l){d-2)(j a a a } , (A7b) 

follow immediately. 

The conformal factor dependence of various tensors quadratic in the curvature may be worked out next: 

R a c R bc = e- 2a [R a C R bc - 2(d - 2)R c [a a, b)c + 2{d - 2)R c {a a b) a c - 2R ab [Ua + (d - 2)a c a c ] 

+(d - 2f (a. a c - a a a c ) (a- bc - a b a c ) + (d-2) (cr. ab - a a <r b ) [Ua + (d- 2)a c a c ] 

+g ab [(Dcr) 2 + 2{d - 2){Ua) a c a c + {d- 2) 2 (a c a c ) 2 ] } ; (A8a) 

R cd R cd = e- ia {R cd R cd -2(d- 2)R cd (a. cd - a c a d ) - 2{d - 2)Ra c a c - 2RUa + (3n - 4) (Da) 2 

+{d - 2) 2 (<j ;cd - a c a d ) (a< cd - a c a d ) + 2{d - 2)(2d - 2,){Ua)a c a c + (d - 2) 3 (<t c <j c ) 2 } ; (A8b) 
RR ab = e- 2a {RR ab - 2(d - l)R ab U<T - (d - l)(d - 2)R ab a c a c - (d - 2)7? (<r ;a6 - a a a b ) 

-g ab R [Ua + (d - 2)a c <7 c ] + (d - l)(d - 2) (a, ab - o a a b ) [2Ua + [d - 2)a c a c ] 

+(d - l)g ab [2(Da) 2 + 3(d - 2){Ucj) a c a c + (d - 2) 2 (a c a c ) 2 ] } ; (A8c) 
R 2 = e- Aa {if - 4(d - l)R Ua - 2(d - l)(d - 2)Ra c a c + 4(d - l) 2 (Dcr) 2 

+(d - l) 2 (d - 2)(Da) a c a c + (d- l) 2 (d - 2) 2 {a c a c ) 2 } . (A8d) 
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From these conformal dependences we derive 



-a j R a bR ab — -^R 2 



<l j RabR — 7^R 



■{-iR ab (a, ab - a a o b ) + 2Ra« a - 4(^) 2 - Aa« a a b a h + Aa., ab (a< ab - 2 CT V b )} 



,—ab 



(d - A)a I R ab R ab - -R 2 - AR [a, ab - a a a b ) + 2Ro a a - 4(0 - Aa a a a b a b + Aa, ab {a' ab - 2a a a b ) 



2R a \a, ab - o a o b ) + |ifof + ^Ro a ° a - 5«J 2 + Aa, ab (^ ab - 2a a o b ) 



-(d-4){ 

-10<(ThCT h - Aa a a a er fc er b } + 0{d - A) 



(A9) 



The terms involving a but no factor of d — A in the second line of this expression can be written as a total derivative, 
and hence give only a surface term when integrated. Ignoring any such surface contributions we have then 



-gd d x[R ab R ab --R~ ] - 



1 



-ab 1^2 



gd d x[R ab R - -R = (d-4) / J^go [ R ab R - -R 



-ab 1 -=r2 



-4U/-4) / ; ■:/,'"'' ^g ah R)a b a' ab a b a a U(J a a <T b a l 



+ (d -A) J d d xV=§ { - 2R ab (a, ab - a a a b ) + ^Raf a + ^Ra a a a - 5«J 2 + 4c7 ;ab (<r ab - 2aV b ) 
-10<7> 6 er b - 4ff n( rV 6 a 6 } + 0(d - 4) 2 
= (d - 4) j V^ct (liabR ab - ^R 2 + | DSj - (d - 4) y d d X y/^§aA 4 a- + 0(d - 4) 2 , (A10) 

up to terms of linear order in d — A in the expansion around d — A. This is the formula used in ( [4.7D of the text. 
Following standard notation we define the three tensors, 



H ab = ^=^F J dd * V=gRcdefR cdef = 2R a cde R bcde - ^±R^R cde} + AURab 



(2; 



H ab = 



^Sg 



-2V a S7 b R - AR a c R bc + AR cd R acbd ; 

d d x V=gRcdR cd = 2R cd R acbd - ?fR cd R cd - V a V b R + 2UR a b + ^fUR; 

9ab d2 



ab 



(1) H ab = ^=^F J dd x ^9 R2 = 2 9abDR- 2V a V b R + 2RR ab - ^R 



(Alia) 
(Allb) 
(Allc) 

(Alld) 



These differ from ref. |30) by an overall minus sign due to neglect of the sign change between 5g a b and Sg ab 
-g ac g bd Sg bd in ref. 130]. The definition of the Weyl tensor in d dimensions is 



c \cd = R a bcd + j—^ ($ a [d R c]b + 9b[ c R a d ]) + l)(d-2) Sa[c9d]bR 



which is conformally invariant in d dimensions, i.e. 



The quadratic contractions, 

Ccde^i jj cde ry 

a ^bede — H- a ^bede 



Ca /~ia 
bed ~ ^ bed- 



D C d D 

"■a b U cd - 



(A12) 



(A13) 



d-2 



(d-2) 2 



(2RR a b — nR a R bc ) 



(d-2) 



;9abRcdR 



cd 



(d-l)(d-2) 2 



g a bR , 



(A14) 



and 
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C c defC cde f — R c defR Cde ^ — -J -RcdR C 



-R 2 



d-2' w ' ' (d-l)(d-2)' 

also have simple transformation properties under the local Weyl group. 

From the transformation rule for covariant derivatives ( [A3] ) and A4) one may derive also 



V a V b R = e- 2a {R ab - 6R, {a a b) - 2Ra, ab + 8R a a a h - 2(d - l)(Da). ab - (d - l)(d - 2)(a c a c ), ab 
+4(d - l)(n<r)tr i0 6 + 12(d - 1)(B<7) ;(o ct 6) + 2(d - l)(d - 2)ff ;ah (T c a c 
+12(d - l)(d - 2)CT (a cr. b)c CT c - 16(d - l)CT a cr b Der - 8(d - l)(d - 2)cr a cr b cr c cr c 
+g ab [Rc<J c - -2R a c a c - 2(d - l)(D ( r) ;c( 7 c - 2(d - l)(d - 2)(T ;cd a ;cd 
+4(d - l)(Dff) a c a c + 2(d - l)(d - 2)(ct c( j c ) 2 ] } , 



and 



(A15) 



(A16) 



□ i? = e ~ 4<T { OR + (d - 6)R; C a c - 2(d - l)(d - 2)R cd a c a d - 2~RU<r - 2(d - A)R~a c <j c - 2(d - 1)D 2 ct 
-2(d - l)(d - 2)a, cd a' cd - 4(d - l)(d - 4)(ncr) ;c cr c - 2(d - l)(d - 2)(d - 6)<7 ;cd cr c o- d 

+4(d - l)(Ek) 2 + 2(d - l)(3d - 10) (Ek) cr c cr c + 2(d - l)(d - 2)(d - 4)(ct c ct c ) 2 } , (A17) 

and finally, 

V c V d C (Q c ^ = e" 2CT {v c V d C (a C b ) + (d - 3)C (a C fc )a ;cd + 2(d - A)a d V c C {a C b) + (d - 3)(d - 5)C (a C fc ) a c a d } . (A18) 



APPENDIX B: AN IDENTITY OF THE WEYL TENSOR IN FOUR DIMENSIONS 

Using the van der Waerden method the Weyl tensor may be decomposed into its irreducible components, (2, 0) and 

(0, 2) of SL(2, C) <g) SX(2, C) corresponding to the self-dual and the anti-self-dual parts C abcd = C a Xl d + C a ^ d [§§] . The 
Weyl tensor itself corresponds to the representation (2,0) © (0,2). The finite-dimensional irreducible representations 
of SL(2,C) are given by the space of complex completely symmetric spinors with the number of indices equal to 
the twice the total spin, 2s. The completely symmetric spinor with N(s) indices has N(s) = 2s + 1 independent 
components, which is exactly the dimension of the angular momentum s representation of SU(2) C SL(2,C). The 
explicit mapping between d = 4 spacetime or tangent space indices and two-component spinorial indices is given by 
the Pauli-van der Waerden matrices a a . . The decomposition of the Weyl tensor into its self-dual and anti-self-dual 

components correspond in the spinorial description to 

G abcd = C { +h + C [ - ] cd «■ * ABC D e AB t c D + ^ ABC D 6 AB 6 CD . (Bl) 

The anti-symmetric spinors cab and e ■ • correspond to the 'metric' on the space of spinors; they are used to lower 

AB 

upper spinor indices and their 'contravariant' form raises spinor indices. Care must be taken as far as the order of 



spinor indices is concerned because of the anti-symmetric nature of e's. Each of these representations in (Bl) have 
a definite helicity and in physical terms the linearized Weyl tensor decomposition may be identified with the spin-2 
helicity ±2 wave functions of the graviton field. 

With this short introduction to SL(2,C) spinors, we are ready to demonstrate that the symmetric tensor, 

C acde C bcde - \s a b C cde fC cdef = , (B2) 
vanishes identically in d = 4 dimensions. Let us compute the first term in the above identity using the spinorial 



notation, (Bl) 



C^C bcde * U ACDE e AC £ DE + ^ACDE ^ e _ £ _ + ^ _ 

= ^ ACDE ^BCD E e Ac e DE e Rr ,e^ + c.c = 2* ACDE M> BCDE 5 A + c.c 

= ^ CDEF ^ CDEF 5 A B 5A + c.c. = U cdef ^cdef + V CDEF V rnFF ) S A B S A , (B3) 



30 



where we have used the fact that the contraction over three indices of the product of two 'J's is simply given by the 
formula following from the symmetry of \& and the antisymmetry of e, namely 

.T.ACDE.J. _ l. T .CD£F, T , cA /nA \ 

W ^BCDE — 2^ ^cdEFO b . (rS4J 



On the other hand the square of the Weyl tensor is given by the contraction over A, B and A, B of (B3), i.e. 

C bcde C bcde = 4 ( ^ bcde ^ BC de + * BCDE * nnn „) ■ (B5) 



BCDE 

Converting S A 3 S A back to spacetime indices by multiplying ( |B3| ) by the Pauli matrices er^ and taking account of 



(B5) then yields (B2) 



APPENDIX C: THE TENSOR Cab 



In this Appendix we co mpute the nonlocal tensor C ao defined by (5J3) of the text. If we use the definition of the 
auxiliary field ip given by (4.20) and vary the action corresponding to the F cocycle of the d = 4 anomaly given by 
the first term of (4.21 ) we obtain 



SS ( a 2m[g} = \\ d ^ x (^(V=9~F 4 )ip + J—g F 4 5<p 



(CI) 



The first term in the variation of S an om is already known and it is presented in the text. The second term leads to 
C a b, which will be computed below. We need to compute the variation of tp which is 



5<p(x) 



d 4 x' 



g'{E 4 - -□#)') D 4 (x,x') + yf^(Ei - - DR)'SD 4 (x,x') 



The variation of the Green's function D 4 (x, x') is 

SD 4 (x,x') = - [ d*x"D 4 {x,x")5{y/=g~& 4 )" D 4 (x",x'). 



Defining a new non-local scalar ip by the formula, 



1 



if)(x) = | / d 4 x" [F 4 )"D 4 {x",x), 



we obtain the following formula for the total variation of S, 



(F) 



SS£> m \g] = - I d'x 



(C2) 



(C3) 



(C4) 



(C5) 



after taking advantage of the cancellation of terms obtained by varying the two y/—g factors in (C2) and (|C3|). Using 
the relation (E^) for d = 4, we can rewrite the variation of sinlm in the form, 



SS£L\g] = \jd* 



^(\/ = 9 F A )ip + y/=g ip5F 4 - 2#(A 4 )<^-2# ( R ab R ab - \r 2 + \\2R 



(C6) 



( F) ( F) IF) ( F) ( F) 

We shall evaluate all four terms in the variation SSanom = SS\ + SS^ + + 5S± , where 



5S\ 



(F) 



d 4 xS(y^g F 4 )tp , 



(C7) 
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^2 F) = £ / d^xyf^ipSFi, 



6S { 3 F) = -b I d i x v ^g~iJj6A i i P 



(C8) 
(C9) 



5S ( 4 F) = -bJ d 4 x^4>5 ^R ab R ab -^R 2 + ^DR^j 



(CIO) 



Let 5g — h , then we have 



= \j d 4 x^h ab ^2R cd C acbd ip + AV c V d (C acbd ip)^ , 



(Cll) 



6Si F) = 



g h ab [ 2R cd C acbd ^ + 4V c V d (C acM V) + \g ab F^ ) , 



(C12) 



SSP = °- / d A x^—gh ab 



1 



1 



~g a b i>0 tp- UipU(f + -□(V c V'V c ^) - -ipRUtp- -RV c ipVc<p+ -ipV c RV c <p 



+2R ca V ' c tpV ' d tp + 2ipR ca V c V d tpj + 2V a D^V b </? + 2V a [J^V b V> - 2V c ^V c V a V 6 ^ - 2V c tpV C V a V b ip (C13) 

4 4 4 

-gV a V fc (V c 7/>V c </?) - 2DV'V a V b ^ - 2D<^V a V b ^ + 4i? Q c (V c ^V 6 ^ + V c tpV b ip) - -R ab V c i/)V c tp - -RV a ij)V b tp 



SS 



(F) _ 



- / d*x^h ab \-2g ab 



^D 2 ip + R cd V c V d ^ - IrD^ - \v c RV c ^ 
3 3 6 



' ( 2 /?'"'./?„,;„, - ^RRab + DRab - ^VaVfci^ + ^R ab D^ + ^RV a V b ip 

1. 



-2i? Q c V b V c ^ + 2V c 0(V c i? ab - V a i? bc ) - -V a V b D^ 
From the last three equations one can read off the formula for the C a b tensor, i.e. 
C ab = -2R cd Cacbdi> + 4V c V d (C c(ab)d V) - \gabFiiP + 2g ab Q □ V + i? cd V c V d V - \rU^> ~ ^V c i?V c ^ 
+i> [4R cd R acbd - ^RRab + 2UR ab - ^V a V b i? ) - \v a V b U^ + ^R ab n^ + \RV a V h ^ - 4i? c (a V b) V c ^ 



(C14) 



+4V c ^(V c i? ab - V (a i? b)c ) + g ab il>D J (p - n^Dtp+ - □(V C </>V C ^) - -i)ROtp - -RV c ^V c tp + -^V C RV C ^ 



2R cd V c ^V d tp + 2^R ca V c V d tp I - 2V (o DVV b) ^ - 2V (a D<^V b) V + 2V c ^V c V a V b </? + 2V>V c V a V b V' 



(C15) 



4 4 4 

+2DV>V a V b ( / 3 + 2D(^V Q V b V - g V Q V b (V c ?AV c v?) - 4i? c (o (V c V>V 6) <p + V c ^V b) ?/>) + -i? ab V c VV c ^ + -i?V (Q ?AV b) ^ . 

Using the definitions of tp and ip one can verify that the trace of the C ab tensor as given above is local and equal to 

g ab C a b — C abcd C a bcd = F± , (C16) 



in agreement with (5A) of the text 
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